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INTROD'JCTION 
The problem of p a n e l  f l u t t e r  has been actively studied theo- 
r e t i c a l l y  and experimentally by many authors over t h e  pas t  two 
decades. For a complete bibliography of work up t o  1968, one 
should consult  Volume I1 of t h e  e x t e n s i v e  d e s i g n  c r i t e r i a  e f f o r t  
of C .  E .  Lemley ( R e f .  1). A more recent  review a r t i c l e  by 
Dowell (Ref. 2 )  covers  the per iod ar ' ter  1968 to the present  time. 
Many formulations of the p a n e l  f l u t t e r  problem have appeared 
i n  the l i terature  with  varying  levels  of  complexity.  Most of 
these  s tud ie s  have dwelled on the l i n e a r  s t a b i l i t y  problem. 
Inviscid aerodynamic theory was used ,  e i the r  t h e  exac t  inv isc id  
theory following Garrick and Rubinow (Ref. 3 )  or t h e  s t a t i c  and 
quasi-steady  approximation  thereof.  Only in  r ecen t  yea r s  has the 
importance of t h e  boundary layer  been real ized and inves t iga ted  
i n  a r a t i o n a l  manner. The most d e f i n i t i v e  work i n  t h i s  a r ea  i s  
the   exper imenta l   e f for t  of Muhl s t e in , c td . (Ref s .  4 ,5) .  A com- 
p l e t e ly  sa t i s f ac to ry  theo ry  i s  s t i l l  lack ing  but  the recent  work 
of Dowell (Ref. 6 )  i s  a s t e p  toward t h i s  goal .  
The need f o r  a nonlinear formulation and ana lys i s  of panel 
f l u t t e r  became evident  when i t  was r ea l i zed  tha t  p a n e l  f l u t t e r  i s  
not   a lways  destruct ive.  If t h e  stress l eve l   dur ing  the  post- 
f l u t t e r  limit c y c l e  o s c i l l a t i o n  i s  s u f f i c i e n t l y  low, many cyc les  
of stress reversal   can  be  tolerated  without   fa i lure .   In   one-shot  
missile app l i ca t ions ,  i t  may be too severe a weight penalty to 
demand complete  absence of p a n e l  f l u t t e r .  The problem of e s t i -  
mating t h e  p o s t - f l u t t e r  stress l eve l  t hen  comes t o  t h e  fore as a 
s ign i f i can t  des ign  problem. 
The problem of n o n l i n e a r  f l u t t e r  of f l a t  p a n e l s  was analyzed 
by Bolo t in  ( R e f .  7 )  who used the Galerkin method i n  t h e  s p a t i a l  
va r i ab le s  and the  method of Krylov and Bogoliubov i n  t h e  time 
variable.  Olson  and Fung ( R e f .  8 )  appl ied the same me.thod t o  the  
c y l i n d r i c a l  shell .  The assumptions  of weak nonl inear i ty ,  small 
damping and weakly-coupled modes a r e  d i f f i c u l t  t o  j u s t i f y ,  
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however, i n  the  appl ica t ion  of  t h i s  ne thod  to  pane l  f l u t t e r .  
To avoid these l imi t a t ions ,  Dowell. (Refs. 3 , l O )  has a t tacked  the 
problem wi th  the  Galerkin method i n  the spa t ia l  va r i ab le  and 
d i rec t  numer ica l  in tegra t ion  of  the nonl inear  ord inary  d i f fe ren-  
t i a l  e q u a t i o n s  i n  time. T h i s  I s  t h e  most complete  a t tack on t h e  
problem t o  date .  The pr inc ipa l  d i sadvantage  of Dowell's  approach 
i s  t h e  amount of computer time requi red .  A f u r t h e r  work of 
i n t e r e s t  i n  t h i s  a r ea  i s  due t o  E a s t e p  (Ref. 11) who cons iders  
t h e  coupled response t o  a turbulent boundary layer and t h e  non- 
l i n e a r  limit cycle motion. 
Another approach that seeks t o  ob ta in  an  es t imate  of t h e  
s t r e s s e s  i n  the panel i s  due to   Zeydel  (Ref. 1 2 ) .  The philosophy 
underlying h i s  approach I s  t ha t  a de t a i l ed  desc r ip t ion  of the  
s t r e s s  d i s t r i b u t i o n  i n  the  panel i s  n o t  r e a l l y  needed, but ra ther  
an estimate of the  peak stress. The fu r the r  suppos i t i on  i s  made 
that th i s  estimate can be obtained by averaging t h e  nonl inear  mem- 
brane stresses t o  o b t a i n  a n  e q u i v a l e n t  l i n e a r  problem. The method 
proposed by Zeydel i s  p resen ted  in  d e t a i l  i n  t h e  p r e s e n t  r e p o r t ,  
together  wi th  some example numerical calculations. 
D i f f e ren t  methods have been employed t o  a t t a c k  v a r i o u s  form- 
u l a t ions  of the  l i n e a r  f l u t t e r  problem. The most common approach 
i s  the Galerkin method, i n  p a r t i c u l a r ,  when the  f u l l  l i n e a r i z e d  
aerodynamic  theory i s  incorporated.  Exact  methods  have  been  used 
successfu l ly  when e i the r  t h e  s t a t i c  or quasi-steady aerodynamic 
theory i s  used;  e.g., see Refs. 13, 14, 15. The Galerkin method 
i s  a very powerful tool for solving the exact problem when the 
length- to-width  ra t io  i s  small ,  of order   un i ty .  For  such  geometry, 
t h e  f l u t t e r  mode shape can be approximated closely wi th  only a 
few assumed modes so  tha t  t h e  r e s u l t i n g  f l u t t e r  matrix i s  of 
t r a c t a b l e   s i z e .  However, when the   l ength- to-width   ra t io  becomes 
large, t h e  number of h a l f  waves i n  the chordwise f l u t t e r  mode 
becomes l a rge  and a l s o  t h e  mode shape has an exponential growth 
near  the t r a i l i ng  edge .  To reso lve  t h i s  type of f l u t t e r  mode 
i n t o  F o u r i e r  components, one must use a l a rge  number of assumed 
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modes and, conszquently, must be ab le  to  hand le  a very  la rge  
f l u t t e r  m a t r i x  t o  o b t a i n  c o n v e r g m c e .  The r e s u l t  i s  that  t h e  
computat ional  effor t  grows out of a l l  proport ion to  the magnitude 
of t h e  problem. 
I n  Refs. 16 and 17, a new method for  so lv ing  an  exac t  formu- 
l a t i o n  of the  problem was introduced. The problem t r ea t ed  i s  
t h a t  of an   in f rn i te   spanwise   a r ray  of ident ica l   pane ls .   Exac t  
i nv i sc id  aerodynamic  theory i s  employed. The technique is t o  
reduce the f u l l  problem t o  a n  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  i n  
the  streamwise var iab le .  The l a t t e r  problem i s  solved by LEplace 
t r ans fo rms  in  a way suggested by Goland  and Luke (Ref. 18) f o r  
i nves t iga t ing  t h e  problem of mzmbrane f l u t t e r .  The convergence 
d i f f i c u l t i e s  a s s o c i a t e d  w i t h  t h e  Galerkin method are  avoided ,  in  
tha t  t h e  mode shape  and i t s  de r iva t ives  are obtained qui te  nat-  
u r a l l y  i n  t h e  p r o c e s s  of so lu t ion .  The p r e s e n t  e f f o r t  i s  an 
extensior! of the work i n i t i a t e d  by the l a t e  D r .  E .  F. E .  Zeyde l  
i n  Refs . 16 and 17 and, i n  f a c t ,  s u p z r c e d e s  the work i n  R e f .  17. 
We remark, in  conclus ion ,  tha t  many of  the  resu l t s  presented  
he re in  may appear  to  the experienced worker  In  the f ie ld  t o  be a 
restatement of lmown f a c t s  accumulated over two decades of 
research on t h e  problem. T h i s  i s  i n   p a r t   t r u e .  The only j u s t i -  
f i c a t i o n  o f f e r e d  i s  t h a t  most of the accumulated knowledge on the  
subjec t  that  the  au thor  i s  aware  of car! be derived and explained 
i n  a un i f ied  wag a t  a very fundamental  level w i t h  the exact  method 
used  herein.   I f  t h i s  u n i f i c a t i o n  of our knowledge r e s u l t s  i n  
even a small advancGment of the s ta te  of t h e  a r t ,  t h e n  the  e f f o r t  
has been worthwhile. 
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I. PROBLEM FORFLLATION 
A .  Equations of Kotion  and Boundary Conditions 
Refe r r ing  to  Fig. 1 we consider  an inf ini te  spanwise array 
o f  i den t i ca l  f l a t  rec tangular  pane ls  of unit w i d t h  and length  s 
i n  a supersonic  mainstream of ve loc i ty  U . A dimensional  panel 
w i d t h  b w i l l  be   car r ied   in   the  key dimensionless  parameters.  
The panel  mater ia l  i s  assumed t o  be homogeneous  and of uniform 
thickness  T , bu t  may be o r tho t rop ic .  A l s o ,  we include  the 
e f f e c t s  of viscous damping, s t r u c t u r a l  damping and zzz e l a s t i c  
founda t ion  in  the  ana lys i s .  
The nonl inear  equat ion of motion and s t r e s s  d e f i n i t i o n s  f o r  
the panel   array i s  (Ref. 7 ) :  
h 
where 
4 
,4 = + 2axy a4  + R  a4 
ax a A Y 2  YY ay'4 
4 
EDGE a 
LTRAILING EDGE 
I(= S 
3ASIC 
PANEL 'r: L + a  STRINGERS 
LTYPICAL SPANWISE 
MODE SHAPE 
FIGURE 1. SPAhWISE ARRAY OF PANELS 
and 
Exh3 
DX = (1 + . ig) DX , D  = 12(1 - v (1 5) 
0 xO x Y) 
I n  (1 .l) the  un i t  of time i s  b/U . 
S t r u c t u r a l  damping i s  incorpora ted  in  two p l a c e s  i n  t h e  
foregoing  equat ions.  First  i n  t h e  complex  bending  modulus DX 
and second i n  t h e  n o n l i n e a r  s t r e s s  t e r m s  (1.3).  We poin t  ou t  
that  s t ruc tura l  danping  i s  not  included in  the appl ied membrane 
s t r e s s e s  N , N , N . The e l a s t i c   founda t ion  and viscous 
damping are included v i a  the terms Keb w and -$Jb at w  i n  (1 .I) , 
Orthot ropic i ty  i s  incorpora ted  through the  d i f fe ren t  e las t ic  
modu l i i - i n   t he  x and y d i r ec t ions .  The t o t a l   s t r e s s e s   i n   t h e  
panel   are   given by (1.4) and a re   t he  sum of t h r e e  p a r t s :  (1) the 
appl ied membrane s t r e s s e s ,  ( 2 )  the  nonlinear membrane s t r e s s e s  
that develop w i t h  large amplitude mction and (3) the bending 
s t r e s s e s .  
xO YO xYO 
The boundary conditions needed t o  complete the formulation 
of  the  problem  are  the  following. The midplane  displacements 
u,v and normal  deflection cu a re  assumed t o  De zero 011 the  
lead ing  and t r a i l i n g  edge and  on each of t he  s t r inge r s .  The 
leading and t r a i l i n g  e d g e s  may be pinned or clamped and the 
l o n g i t u d i n a l  s t r i n g e r s  may o f f e r  a p a r t i a l  t o r s i o n a l  r e s t r a i n t  
in to   the   pane l .  Thus, we have 
u = v = w = G when x = 0,s 
or  y = n  
Leading and t r a i l i n g  e d g e s  
ax- aw - 0 , x = 0,s clamped 
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S t r i n g e r s  
f o r  n = ... -2, 
where  and E vary  between  zero and  u n i t y  and  give  the 
degree   o f   res t ra in t  of t he   s t r i nge r s ;   e .g . ,  i f  E~ = 0 and 
E = 1 the s t r i n g e r  has no res t ra in t  and i f  cC = 1 , E = 0 , 
i t  i s  completely rest rained.  
P 
P  P 
13. Stress   Es t imat ion  - Procedure 
We note that  our  bas ic  se t  of equat ions and  boundary 
condi t ions i s  incomplete.   Additional  equilibrium  equations and 
compat ib i l i ty  equat ions  f o r  the ; ; l idplane stresses are needed  be- 
f o r e  a complete  solution  can be  attempted. The omission i s  de- 
l i b e r a t e ,  however, s ince  we propose t o  handle the nonl inear  
membrane s t r e s s e s  by an averaging procedure that does not require 
expl ic i t  use  of  these  equi l ibr ium equat ions .  
The averaging technique for es t imat ing  the  s t resses  dur ing  
p a n e l  f l u t t e r  was suggested ky Zeydel (Ref. 12 )  and  goes as 
fo l lows .  F lu t t e r  i s  supposed t o  occur i n i t i a l l y  i n  t h e  l i n e a r  
regime. After t h e  i n i t i a l  o n s e t  of f l u t t e r  the amplitude  grows 
to some value that  i s  l i m i t e d  by the  nonl inear  membrane stresses.  
The key assumption i s  that the nonl inear  limit cycle motion i s  
approximately governed by an equat ion of the form (l.l), but  with 
the membrane s t resses   replaced  by  appropriate   average  values .  The 
main consequence of the averaging i s  tha t  the problem becomes 
l inear .  Here we average N and NXy over   the  area  of  a 
single panel  and  one  period of o s c i l l a t i o n .  We define 
Nx ’ y 
0 0 0 
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where N i s  
i n  t u r n  
NXY 
u,v  we ge t  
any s t r e s s  component. S u b s t i t u t i n g  Nx , N and 
i n t o  (1.7) and using the boundary conditions ofi 
Y 
h 
bTx = N + (1 + i g )  N 
xO x1 
h 
N~ = N + (1 + i g )  N 
YO Y 1  
h 
N = N  
XY xYO 
where 
*xb 
S 1 T 
N =  
x1 2(1 - v v ) ST 0 0 0 X Y  Y Y  
The p r o c e d u r e  f o r  c a l c u l a t i n g  f l u t t e r  and es t imat ing  the  limit 
cyc le  s t r e s ses  i s  thus reduced t o  the r"ol1owing s teps :  
1. 
2. 
3. 
4. 
- 
h 
- 
CI 
Replace Nx N N by the i r   ave rages  Nx Ny Nxy i n  
(1.1 ) and i n  (1.4). 
Assume values of N m d  N and compute a f l u t t e r  p o i n t  
and mode shspe. 
Subs t i t u t e  t he  mode shape i n t o  e i t h e r  of (1.9) to  de te rmine  
the unknown amplitude. 
Es t ima te  the  s t r e s s  by  d i r ec t  ca l cu la t ion  wi th  (1.4).  
n 
Y ' XY 
x1 y1 
C .  Aerodynamic Forces 
I n  the present  s tudy we use  exac t  inv isc id  l inear ized  aero-  
dynamic forces,  except where comparisons are made w i t h  s t a t i c  
theory.  If @ i s  the pe r tu rba t ion   ve loc i ty   po ten t i a l ,   t hen   t he  
problem we must so lve  to  ob ta in  the  p re s su re  p i s  the following: 
Outgoing waves a t  i n f i n i t y  (1.3.0) 
(1.11) 
The so lu t ion  of the aerodynamic problem i s  wel l  known f o r  
the case of simple harmonic motion and  a panel array (see, e .g., 
Ref. 17). Rather than adopt  the known e x p l i c i t  s o l u t i o n  f o r  p 
a t  t h i s  po in t ,  however, we shall leave the problem i n  the form 
of (1.10) a n d  (1.11). The reason i s  t h a t  we want t o  i l l u s t r a t e  
how t h e  f l u t t e r  problem can be formulated and solved by Laplace 
transforms with only a knowledge of the transform of p . 
D. Reduction of t h e  F l u t t e r  Problem t o  an 
Ordinary Different ia l  bquat ion 
To so lve  the  f lu t te r  problem by the Zeydel method,which uses 
the Laplace transform,we f i rs t  reduce the pr'oblem t o  t he  so lu t ion  
of an o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  i n  x . We assume the  
d e f l e c t i o n  and v e l o c i t y  p o t e n t i a l  t o  be of the form 
w = TWg(y) R e  {f ( x ) e  i k t  } 
(1.12) 
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where 
k = -  l"l; reduced  frequency  based on panel width 
U 
d Y )  = spanwise mode shape 
w =  ampl i tude   in   ane l   th icknesses  pJ3) 
We choose the spanwise mode shape a p r i o r i  and carry Gut a 
s ing le  mode Galerkin  analysis   in   the  spanwise  direct ion.  The 
mode shape we choose i s  the beam vibra t ion  mode that s a t i s f i e s  
the  boundary  condition a t  the s t r i n g e r s   ( s e e  ( 1 . 6 ) ) .  Thus g(y)  
i s  a so lu t ion  of the following problem: 
g ( 0 )  = g ( l )  = 0 
Ecg'( 0) - E g"(0)  = 0 
Ecg'(l) + cpg"(l)  = 0 
P 
(1.14) 
and 
g(Y + n)  = - ( -  1) d Y >  n = .. .-2, -1, 0,  1,2.. . n+ii 
O < Y < l  (1.15) 
where n i s  the  spanwise mode nmber  or number of half  waves i n  
a s ingle   pane l  width. The per iodic   extension of g(y) (l.l5), 
i s  such that the panels a r e  a l t e r n a t e l y  i n  and out  of phase (see 
F ig .  1). The so lu t ion  of (1.14) f o r  a r b i t r a r y  s t r i n g e r  r e s t r a i n t e  
E and E~ i s  g i v e n  i n  Appendix A, together  with appropriate  
i n t e g r a l s  of g (y )  that  a r e  needed in   the  subsequent   discussion.  
- 
P 
Next we s u b s t i t u t e  (1.12) i n t o  the equat ions of  motion and 
aerodynamic  problem,  multiply by g(y) a n d  in tegra te   over   the  
i n f i n i t e  span of the  pane l  to  obta in  the  fo l lowing  formula t ion  
of the f l u t t e r  and s t ress  es t imat ion problem: 
10 
Reduced Eauation of Motion 
d4f 
p - A s  d2f + c E + Bf + S P ( X )  = 0 df 
where 
4 C r + b3(Keb + iyUk)/D, - Rk2 
B = B E  Qyy + C  r + yo 0 
y1 1 + ig 
2ClrWo c =  
1 + ig 
s =  1 + i g  
p shb 2U2 
X0 
R =  D 
2 
N, b 
A" 
Nx, b 
2 
and 
N b2 
- yo r -- J 
yo DXo 
1 
cn - - - dng(J) g(y)  dy (See Appendix A )  
0 dYn 
Boundary Conditions 
f ( 0 )  = f ( s )  = 0 
f ' ( 0 )  = f ' i s )  = 0 clamped ends 
f "(0) = f"(s)  = 0 pinned ends 
(1.16) 
(1.17) 
(1.18) 
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Aerod.ynamic Problem 
Outgoing waves a t  i n f i n i t y  
(1.20) 
Mode Shape and Maximum Stress Est imat ion 
w =  zWg(y) Re 
120 (1 - v v ) 
- Xmax X Y  
sX 
= r   + r  
EXT2 xO x1 
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12a (1 - v v ) 
Y i n a x  X Y  s =  
Y 2 
EXT 
= r  + r  
yo y1 
+ 6 W .Max ( g e e  (y)Re(feikt) + vyg(y)Re(f N e i l c t  \ 
O<Y<l i 'i 
o<x<s 
Q<t<E 
(1.21) 
We remark that t h e  t h i r d  formula of Eq. (1.21) I s  a compati- 
b i l i t y   c o n d i t i o n  on t h e   i n i t i a l   a s s u m p t i o n   f o r  r and rx . 
Y 1  1 
Remarks  on Midplane Shear Stress 
The term C -- d x  d f  i n  (1.16) con ta ins   t he   e f f ec t  of an applied 
midplane  shear   s t ress   in   the  array of panels.  It i s  most 
i n t e r e s t i n g  s i n c e  it i s  exac t ly  the  same form as aerodynamic 
s t i f f n e s s .  Hence,  by applying  the shear s t r e s s  of appropriate  
s ign , f lu t te r  could  conce ivably  be induced or e l iminated.  
Al though the  poss ib i l i ty  of a f l u t t e r  c o n t r o l  mechanism by 
appl ied shear  i s  i n t e r e s t i n g ,  a c loser  inspec t ion  of the problem 
revea l s  that i t  i s  not  poss ib le  wi th in  the framework of the 
present   heory.  The i n t e g r a l  C1 that appea r s   i n  the d e f i n i t i o n  
of the shear term i s  i d e n t i c a l l y  z e r o  ( s e e  Appendix A ) .  In  the 
subsequent discussion we shall omit the shear term. 
11. EXACT SOLUTION 
A.  The Zeydel Method 
Here we show i n  detail  how the f l u t t e r  problem i s  solved by 
the Zeydel  method. The method was developed  by  Zeydel  (Refs. 16, 
17) to  c i rcumvent  some of the d i f f i c u l t i e s  i n h e r e n t  i n  t h e  R i t z -  
Galerkin procedure when the  pane l  length- to-width  ra t io  becomes 
l a rge .  It y i e l d s  d i r e c t l y  the f l u t t e r  boundary and  mode shapes 
that  a r e  e s s e n t i a l  for s t ress  es t imat ion ,  wi thout  re ference  to  
assumed  modes. Some of the  subsequent  de ta i l  was g i v e n  i n i t i a l l y  
i n  Ref. 17 and i s  included here fo-r completeness. 
Introduce the Laplace transfoi-m in the chordwise direction: 
m 
y+iw 
f(x) = - 27li J' epx ? (p)  dp 
y- i w  
where y i s  t o   t h e   r i g h t  of a l l  s i n g u l a r i t i e s  of r ( p )  . Now 
take the Laplace transform of (1.16) t o  o b t a i n  
(p4 - Ap2 + B) ? + @(p) = (p - A )  fi + p f z  + fie 2 (2.2) 
where f; , f l  , f;'' a r e   t he   de r iva t ives  of f (x) a t  the 
leading  edge. Note that the boundary  condition fo = 0 has been 
used and t h a t  e i t h e r  fi or f @' ts, zero when t h e  d i s t i n c t i o n  
of pinned or clamped leading edge i s  made. For the moment we 
s h a l l  car ry  both  te rms  in  (2 .2) .  
0 
The Laplace  transform of the  pressure  F(p)  i s  evaluated 
as follows. We take the Laplace transform of the complete  aero- 
dynamic  problem (1.20). Thus 
= (p + ik)? 
z=o 
After solving for 5 we obta in  
qP) = (p + i k ) 2  - F(P)  
B[ (p + im)2 + r2]+ 
We poin t .  ou t  tha t  the  ac tua l  pressure  mode shape P ( x )  is not  
needed t o  solve the problem w i t h  the Zeydel method. 
Now s u b s t i t u t e   ( 2 . 4 )   i n t o  (2.2) and s o l v e   f o r   a ( p )  . We 
where 
a+(p)  = p4 - Ap2 + B + - - - S (p + i k ) 2  B 
Define the funct ion 
so that the inverse t ransform of (2.5) can be expres sed  in  the 
form 
f ( x )  = (F'lx) - AF(x))f: + F(x)f:' p inne d 
= F'(x)f;' + F ( x ) f r  clamped (2.8) 
Now apply the boundary conditions a t  t h e  t r a i l i n g  edge (x = s )  . 
The results can be summarized as follows: 
For Pinned Edges 
For f i x e d  s this  system i s  i n t e r p r e t e d  as a p a i r  of equat ions 
f o r  fi and fy . To obta in  a n o n t r i v i a l   s o l u t i o n  it i s  
necessary that  the determinant  of  The coef f ic ien t  mat r ix  vanish ,  
or 
D = F(s)F""(s) - 7 ( s )  = 0 J C  2 (2.10) 
The las t  r e s u l t  i s  the  f lu t t e r  cond i t ion  wi th in  the  p re sen t  
framework and must be s o l v e d  t o  o b t a i n  t h e  f l u t t e r  e i g e n v a l u e s .  
For  each  eigenvalue, we then  solve (2.9) f o r  t h e  r a t i o  fi/fi" 
and subs t i tu te  into (2.8) t o  o b t a i n  t h e  f l u t t e r  mode shape, 
(2.11) 
For Clamped Edges 
The argument proceeds in exactly the  same way f o r  clamped 
edges. The counterpar t  of the  system (2.9) i s  
(2.12) 
The f l u t t e r  c o n d i t i o n  and mode shape are  given respect ively by 
D = F(s)F"(s)  - F ( s )  = 0 .2 
f ( x )  = (2.13) 
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The p rocedure  fo r  ca l cu la t ing  f lu t t e r  boundar i e s  and mode 
shapes w i t h  the Zeydel method i s  the following: 
1. F i x  a l l  but  two of the parameters  enter ing into the problem. 
We shall see that the  reduced  frequency k and the   l eng th -  
to-width .ratio s are convenient free parameters;  
2. Search the plane of f r ee  pa rame te r s  fo r  ze ros  ( f lu t t e r  po in t s )  
of the  complex determinant D(k,s) ; 
3. Evaluate the normalized mode shape by d i r e c t  c a l c u l a t i o n  a t  
t h e  f l u t t e r  p o i n t s .  
4. Use the f l u t t e r  p o i n t  and  normalized mode shape t o  e s t i m a t e  
the  m a x i m u m  stress with (1.21). 
B. Evaluation of the   Charac te r i s t ic   Funct ion   F(x)  "- 
The success of the Zeydel method depends upon the  eva lua t ion  
o f   t he   cha rac t e r i s t i c   func t ion   F (x )  and i t s  de r iva t ives   ( s ee  
(2 .7)) .  Here we show a procedure that has been used successfully. 
We f irst  ex tend   the   def in i t ion  of B+(p)  such that 
(2.14) 
where 
g(p)  = p4 - Ap2 3. B 
J ( p )  = - (p  + i k )  s 2 B 
Define the quant i ty  
(2.16) 
and observe that it i s  a ten th  degee  polynomia l  i n  p w i t h  
r o o t s  p, , n = 1,2,. . .,lo . These roots are, i n  genera l ,  d i s t inc t  
so that 
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Now multiply the numerator and denominator i n  (2.7) by 
h(p)D-(p) and wri t e  F(x) i n   t h e  form 
(2.18) 
Subs t i t u t e  (2.17) i n t o  (2.18) and evaluate each term separately.  
The r e su l t  can  be expressed  concise ly  in  the following form: 
where 
and Jo(z) i s  the  Bessel   funct ion of zero order .  
The foregoing procedure can be used t o  e v a l u a t e  F ( x )  
numerically (see Appendix B ) .  It remains t o  be shown how the 
de r iva t ives  of F(x) can be e v a l u a t e d   e f f i c i e n t l y  and accura te ly .  
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I! 
The scheme i s  based on the fol lowing result: 
la&- dP = 0 , n1 = 1,2,...,8  (2.21) 
C 
where C i s  any closed  curve that  contains  a l l  of the  poles  of 
the integrand. The r e s u l t  is easi ly  proved by revers ing  the  
pa th  of i n t e g r a t i o n  a n d  no t ing  that  the re  i s  no residue a t  in -  
f i n i t y .  It follows a t  once from (2.17) a n d  (2.21) that 
(2.22) 
and so 
10 1 A,P; = o , m = o,1,2 
n=l  
With the   fo rego ing   r e su l t s  i t  i s  r e a d i l y   v e r i f i e d  that  F(x) and 
i t s  f i r s t  four  der ivat ives  can be expressed in  the convenief i t  form 
( 2.24) 
n=l  
F ina l ly ,  we s u b s t i t u t e  t h e  l a s t  r e s u l t  i n t o  t h e  f l u t t e r  
condi t ion and mode shape (2.10), (2.11) and (2.13) t o  ob ta in :  
For Pinned Edges 
n= l  m=n+l 
f (m)(x)  = 
n=1 
For Clamped Edges 
n=l n=n+l 
The e n t i r e  problem of eva lua t ing  f lu t t e r  boundar i e s ,  mode shapes 
and t h e i r  d e r i v a t i v e s  has been reduced to  the evaluat ion of t e n  
funct ions  Fn(x)   tha. t   correspond  to   the  ten  roots  of the 
charac te r i s t ic   po lynomia l .  A detailed  numerical   procedure i s  
g iven  in  Appendix B. 
C .  Discussion  of the Root Plane 
The typ ica l  l oca t ionso f  the  t en  roo t s  of t h e  c h a r a c t e r i s t i c  
polynomial are shown i n  t h e  complex  p-plane i n  F i g .  2, together  
wi th  the two branch  points ,  -iKM -k i r  , of the transformed 
aerodynamic  pressure  (see (2 .4 ) ) .  Here we d iscuss   the   phys ica l  
s ign i f icance  of these s ingular i t ies  and a l s o  how they move i n  t h e  
complex p-plane w i t h  a change of reduced frequency, mass r a t i o  
parameter and other   parameters .  We shall see that  the  very 
essence of p a n e l  f l u t t e r  i s  contained i n  the s i n g u l a r i t i e s  of the 
root  p lane .  
Some genera l  p roper t ies  
I f  one introduces  the  t ransformation p = i X  i n  A(p) , 
(2.16), t he   coe f f i c i en t s  of the   resu l t ing   po lynomia l   in  X a r e  
r ea l  p rov id ing  that s t r u c t u r a l  and viscous damping are  zero.  
Even f o r  small values of damping, the X roo t s  a r e  nea r ly  
conjugate  pa i r s .  This means th.at root  p a i r s  i n  t h e  p - p l a n e  a r e  
nearly  conjugate  about  the  imaginary axis. From Fig .  2 we see 
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p3 
0 " - f x  =o 
r X  =-50 COMPRESSION 
A- - - r x  =+SO TENSION 
0"- 
F1,;URE 2b. T Y P I C A L   R O O T   L O C A T I O N   W I T H O U T   A E R O D Y N A M I C   F O R C E S   A N D   S H I F T  
D m  TO MEMERAPE  FORCES;  R = 4250, k = 0.65, g = 0. 
P2 
p3 
0- --WITHOUT AERODYNAMICS 
0- - -WITH AERODYNAMICS 
t 
PI';LrRE 2 c .  ROOT S H I F T  DUE TO m R O D Y N A M I C  FORCES; = 58 .O, 
TI = 810, M = 1.35, g = 0.01, k = 0.65. 
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tha t  the re  a re  fou r  such  pa i r s  with two add i t iona l  roo t s  (numbered 
5 and 10) that a re  near ly  pure  imaginary  except  for  sritall r e a l  
shifts due t o  damping. The two imaginary  roots  always l i e  c lose  
to  the  branch  cu t  be tween the two branch points  A and B. 
From the form of (2.16),we conclude that each of the t e n  
r o o t s  i s  either a r o o t  of D' or D-. The number of r o o t s  of 
each factor dypends upon the choice of branch cut used to make 
the fac tor   hz(p)   s ing le   va lued .   In   the   fo l lowing   d i scuss ion ,  
we choose the b r a n c h  c u t  t o  be the s t ra ight  l ine between the brancl  
p o i n t s  pA and pB . This choice   ass igns   f ive  roots t o  each 
f ac to r .   I n   F ig .   2a   t he  + o r  - s ign   near   each   roo t   ind ica tes  
which one i s  a zero of fj+ or b' . I n  our subsequent d i s -  
cussion,we  concentrate on t h e  i n t e r p r e t a t i o n  of the r o o t s  of D+ . 
The s t r u c t u r a l  roots of 8+ 
When the  aerodynamic  term i s  dropped i n  (2.6),  then E+ has 
four  roots  (zeroes  of the  polynomial   g(p))  tha t  l i e  on t h e  r e a l  
and  imaginary  axes  (for g = 0) ,  as shown i n  F i g .  2b. This i s  the  
l imi t ing  conf igu ra t ion  of the f i r s t  fou r  roo t s  of 5' as the  
dynamic p res su re  t ends  to  zero. We s h a l l  refer to r o o t s  1,2,3,4 
as t h e  s t r u c t u r a l  r o o t s  of E+ . 
I n i t i a l  membrane s t r e s s e s  have a s i g n i f i c a n t  e f f e c t  on the 
s t r u c t u r a l  r o o t s .  I n  p a r t i c u l a r ,  2 chordwise membrane t e n s i l e  
s t r e s s ,  r , shifts the   roo t s  1 and 3 out  on t h e   r e a l   a x i s  
whereas a compressive s t ress  sh i f t s  them toward the origin 
(Fig.  2b). I n  t h e  limit of v e r y  l a r g e  t e n s i l e  membrane s t r e s s ,  
these two r o o t s  t e n d  t o  p l u s  and  minus i n f i n i t y ,  r e s p e c t i v e l y .  
The roots 2 and 4 are  sh i f ted  in  exac t ly  the  oppos i te  sense  of 
r o o t s  1 and 3. 
xO 
Aerodynamic f o r c e s  c a u s e  t h e  s t r u c t u r a l  r o o t s  t o  shift as 
shown i n  Fig. 2c. The r o o t s  1 and 3 shif t  t o  the l e f t  and acquire 
small imaginary par ts ,  whereas  the roots  2 a n d  4 shift t o  t h e  
right. The p r i n c i p a l  c o n t r i b u t i o n  t o  this r o o t  shif t  i s  the 
aerodynamic s t i f f n e s s .  Damping (aerodynamic,   s t ructural   or  
viscous) has a very small e f f e c t  on roo t  l oca t ion .  However, we 
shall see that the small damping shifts have a profound effect  
on the traveling-wave type of flutter..  
It i s  important t o  understamd the s t ructural  root  shifts as 
a func t ion  of reduced  frequency k and mass ra t io  pa rame te r  
P = P,T/P, . For  f ixed p s u f f i c i e n t l y  small, t he  roots shift 
with k as follows (see  Fig.   3a) .   For  small k (of  the  order 
of a few tenths) ,   the   roots   p2 , p4 a r e  t o  t h e  r i g h t  of p1 . 
For  increasing k , p2 and p4 shif t  t o   t h e   l e f t  of p, and 
the i r  imag ina ry  pa r t s  i nc rease ,  as shown i n  F ig .  3a. For some 
l a r g e r   c r i t i c a l   v a l u e  of p , the   roo ts   p2  and p4 can never 
g e t   o   t h e  right of p1 f o r  any  value  of k . This c r i t i c a l  
value  of we shall c a l l  bs .w . We shall see that  ps. 
i s  the  largest   value of p f o r  which  standing-wave  type of 
f l u t t e r  c a n  o c c u r  i n  a very long panel.  Furthermore,  standing- 
wave f l u t t e r  o n l y  x c u r s  when k i s  such that t h e  r e a l  p a r t s  of 
the roo t s  p1 , p2 and p4  are   c lose  together .  The degree of 
proximity  depends  upon  the  length-to-width r a t io .  The foregoing 
phenomena i s  not  affected appreciably by small amounts of  damping 
(aerodynamic,  s t ructural  or viscous) . 
& 
. 
Applied membrane s t r e s s e s  have a s i g n i f i c a n t  e f f e c t  on the 
roo t  shifts due t o  aerodynamic  st iffness.  A t e n s i l e  s t r e s s  shifts  
the   roo t  p1 t o  t h e  r i g h t  on t h e  r e a l  a x i s  so that  more aero- 
dynamic s t i f f n e s s  ( h i g h e r  dynamic p res su re )  is needed to  cause  
standing-wave f l u t t e r .  I n  t h e  limit of a v e r y  l a r g e  t e n s i l e  
s t r e s s   ( p u r e  membrane pane l ) ,  p1 i s  s h i f t e d   t o   i n f i n i t y  so  that  
standing-wave f lu t t e r  canno t  occur  at  a l l .  Only f l u t t e r  of t he  
traveling-wave  type  can  occur  in  the membrane. On the  o ther  hand, 
a compressive  s t ress  shifts  p1 toward  the  or igin so that  l ess  
aerodynamic s t i f f n e s s  i s  needed f o r  f l u t t e r .  
For   larger   values  of k (o rde r   un i ty   o r   g rea t e r )  and f ixed  
p > h . w .  , we have the fo l lowing   s i t ua t ion .  With increas ing  k ,  
t he   roo t s   p2  and p4  tend  to   the  imaginary axis. The imaginary 
parts of  p2  and p4 g e t   l a r g e r  as do the branch  points  pA and 
pB . For  each p t he re  is, i n   gene ra l ,  a f i n i t e  k-band  where 
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FREQUENCY  FOR > wSaw 
the Re p4 > R e  p2 . Near each  end of the  k-band, this in -  
equa l i ty   r eve r ses  and, i n  f a c t ,  Re p4 becomes near ly   zero  
(see Fig.  3b) .  The s ize  of t he  k-band diminishes with in -  
c r eas ing  k until a value i s  reached for which a f i n i t e  
band does not e x i s t .  F l u t t e r  of the  traveling-wave  type  occurs 
i n   e a c h  k-band and, i n   f a c t ,   t h e   l i m i t i n g   v a l u e  
p r e c i s e l y  w i t h  the  so-cal led " t ravel ing-wave theory" for  an in-  
f i n i t e  l e n g t h  p a n e l .  This type of f l u t t e r  depends upon the 
existence  of a k-band for which Re p4 > Re p2 . In   genera l ,  
very small amounts of s t r u c t u r a l  damping e l imina te  the  poss i -  
b i l i t y  of this type of f l u t t e r  e x c e p t  i n  t h e  l o w  Mach number 
range o r  for  very  long  panels .  The reason i s  that a p o s i t i v e  
amount of g inc reases  Re p2 and  decreases  Re p 4   s l i g h t l y  
so  t h a t  the  re levant  inequal i ty  (3e  p4 > Re p,) can never be 
satisfied. This i s  i n  sharp c o n t r a s t  t o  t h e  standing-waive  type 
which i s  r e l a t i v e l y  i n s e n s i t i v e  t o  small damping values. 
k t  .w. 
k t  .W. co inc ides  
I n t e r w e t a t i o n  of t h e  r o o t s  
Each of the r o o t s  of E' has a s imple  phys ica l  i n t e rp re t a t io r  
that he lps  to  unde r s t and  the  f lu t t e r  so lu t ion .  Cons ide r  once 
again the simple example when the aerodynamic forces are dropped. 
Then each  of  the four r o o t s  p,,p,,p3,p4 y i e l d s  a simple  ex- 
ponen t i a l   so lu t ion ,  e PnX , of the beam equat ion.  If we combine 
the exponent ia l  with the t ime depe'ndence, each  so lu t ion  i s  of 
form 
e Pnx+ikt  
The r o o t s  psi and p4  can  be  interpreted as pure   t r ave l ing  
Here  p2 t r a v e l s   i n   t h e   n e g a t i v e  x d i rec t ion   ( t oward . the  
leading  edge) and p 4   t r a v e l s   i n  the p o s i t i v e  x d i r e c t i o n  
the  
waves ' 
( toward   the   t ra i l ing   edge) .  The r o o t  p decays  exponentially 
i n  the negat ive x d i r e c t i o n  and so i s  important only at the 
t r a i l i n g  edge when the   pane l  i s  long.  Conversely,  pq  decays 
e x p o n e n t i a l l y  i n  t h e  p o s i t i v e  x d i r e c t i o n  and so i z  important 
at  the  leading  edge. The r o o t s  p1 and p are important   for  
t h e  r e f l e c t i o n  of t r a v e l i n g  waves a t  the t r a i l i n g  and leading 
edges,   respect ively.  
1 
3 
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Exact ly  the  same in t e rp re t a t ion  can  be  a s s igned  to  the 
s t r u c t u r a l   r o o t s  of E+ , Now, however, the r o o t s  p2 and p4 
have  pos i t i ve '  r ea l  parts so tha t  they both decay exponentially 
i n  the negat ive x d i rec t ion .  This d e c a y ' l e a d s   t o   t h e  con- 
c e n t r a t i o n  of the f l u t t e r  mode toward the t r a i l i n g  e d g e .  
The f i f t h  root of 5' i s  wholly  aerodynamic i n  o r i g i n .  
It l i e s  nea r  t he  b ranch  cu t  and i s  near ly  pure negat ive imaginary.  
Thus, it can be i n t e r p r e t e d  as a wave t ravel ing toward the 
t r a i l i n g  edge. 
I n t e r p r e t a t i o n  of the branch Points  
The branch  points  pA and pB also have a phys ica l   i n t e r -  
p re ta t ion .  (Reca l l  they  are s i n g u l a r i t i e s  i n  the transformed 
pressure  (2.4).) For an i n f i n i t e  l e n g t h  panel, the basic  panel  
f l u t t e r  e q u a t i o n  (1.16) has pure exponent ia l  solut ions of the 
form epx . Thus P ( p )  i n  (2.4) i s  the ac tua l   p ressure   ampl i tude  
for an exponent ia l   type  solut ion.   Further ,  i f  we set p = - 2 7 r i / X ,  
then i s  the  pressure  amplitude f o r  a pure  traveling-wave mode 
shape  of wave l eng th  h . The branch  points  are combinations of 
h , k and M where the  pressure  amplitude becomes i n f i n i t e .  
We have 
h 
Wen the flow i s  s teady and the sur face  wave p a t t e r n  i s  s t a t i o n a r y  
( k  = 0),  we o b t a i n  t h e  c r i t i c a l  s u r f a c e  p a t t e r n  wave l eng th  
f o r  which the  pressure becomes i n f i n i t e .  This  " p a t t e r n  
s i n g u l a r i t y "  i s  the aerodynamic mechanism to' which the  
phenomenon  of p a t t e r n  a b l a t i o n  i s  a t t r i b u t e d  (see R e f ,  19). 
For t ravel ing-wave  type  f lut ter ,  the s t r u c t u r a l  r o o t  p4 
i s  of ten  very  c lose  to  the  branch  poin t  pB . Although  the 
phenomenon i s  not  ful ly  understood,  the necessary root  shift  t o  
ob ta in  t r ave l ing -wave  f lu t t e r  appea r s  t o  be  augmented by the 
proximity of p4 t o  this p a t t e r n   s i n g u l a r i t y .  
111. ASYMPTOTIC RESULTS 
A. General  Theory f o r  s 4 a, 
Even though we have  an  exac t  ana ly t ic  so lu t ion  of the 
f l u t t e r  problem i n  hand, i t  i s  very  usefu l  and informative to 
consider  the asymptot ic  approxin;at ion for  long panels .  The 
approximation i s  e x a c t  i n  the l i m i t  ( s  -+ w )  and i s  u s e f u l  f o r  
numerical  evaluat ion of f l u t t e r  b o u n d a r i e s  and mode sh&pes. 
Also, new i n s i g h t s  i n t o  t h e  mechanisms of "standing-wave" and 
11 t rave l ing-wave ' '  type  f lu t te r  a re  obta ined .  
The poin t  of departure  f o r  the general  theory as s -z m 
i s  the   cha rac t e r i s t i c   func t ion   F (x )   o r   r a the r  the t e n   i n d i v i -  
dual   funct ions  Fn(x)  of which i t  i s  composed (see  (2.19) a n d  
(2 .20)) .  To develop an asymptot ic   f lu t te r   condi t ion   ( see   (2 .25)  
and (2 .26) ) ,  we must f i r s t  expand  each  Fn(s)  for s -> m . This 
i s  a s t ra ight forward  opera t ion  s ince  we have an e x p l i c i t  d e f i n i -  
t i o n  of  each  function  in  (2.20).  The r e s u l t s  asre summarized 
below: 
F n ( s )  = 2A,e pns + F n ( s )  
where 
and En(s) i s  g i v e n   i n  Appendix B where the  funct ions Fn( s)  
are   eva lua ted   in   genera l .   For  s -; 03 , t he re  a re  two d i s t i n c t  
cases  t o  consider that  we cal l  the s tanding-wave l i m i t  and 
traveling-wave limit. 
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B. Standing-Nave L i m i t  
When t h e  r e a l  p a r t s  of   the   s t ruc tura l   roo ts  p1,p2,.p4 are 
of the  same order of magnitude, then the on ly  th ree  cha rac t e r i s t i c  
func t ions  of  importance  are F1,F2,F4 . Their  asymptotic  forms 
a r e  
F,(s) = + o(1) n = 1,2,4 (3.4) 
and 
n=l, 2,4 
This  i s  the form of the  charac te r i s t ic  func t ion  for  the  s tanding-  
wave branch of t h e  f l u t t e r  boundary where, i n  f a c t ,  - 
Re p1 Re p2 Re Q,, f o r  s - m (3 * 6 )  
The formulae obtained in the standing-wave li it are  s t rong  
a sympto t i c  r e su l t s  i n  that  co r rec t ions  are q e q  ( -  Re pns)} 
compared t o  uni ty .  
The f l u t t e r  d e t e r m i n a n t  and mode shapes for pinned and 
clampe d edge S 
Pinned Edges  
D ( k , S )  - 1 
have the following asymptotic forms: 
f(m)(s - x) - 
+ 
+ 
Clamped Edges 
’PIX 
e + p t  e -4x) + 
where X i s  the  dis tance from t he   t r a i l i ng   edge .  Note tha t  
the mode shape i s  exponent ia l ly  small near the leading edge. 
If we examine the  fu r the r  limit of (3.7) and (3.8) as 
M 4 03 and k -> 0 we obta in  the  well-known  approximations  for 
quasi-steady and s t a t i c  aerodynamic  theory f o r  l a r g e  s . We 
have 
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Quasi-Steady Theory 
M2 - 2) 
M2 - 1 
E+(p) = g(p)  + g (P + ik 
Sta t ic  Theorx  
For e i t h e r  c a s e  
= 4pn 3 - a p ,  4- S 
(3.9) 
(3.11) 
The r e s u l t s  (3.7) and (3 .8)  a r e  much stronger than the quasi-  
s teady and s ta t ic   theory  approximations.  They a r e  v a l i d  for 
a r b i t r a r y  Mach number so long as s i s  large'.  There i s  only 
a minor difference in computational labor from the simpler 
theor ies ;  i . e . ,  we must ca l cu la t e  t he  th ree  , roo t s  p,,p,,p4 
from  the  zeroes of E+ ra ther  than the s imple fourth order  poly-  
nomial (3.9) o r  (3.10). F i n a l l y  we remark that the reason f o r  
naming (3.7) and (3 .8 )  standing-wave' '   results i s  that  we r e -  
cove r  the  s imple  s t a t i c  t heo ry  in  the  l i m i t .  The a c t u a l  mode 
shape w i l l ,  i n  general, have a traveling-wave component when 
damping i s  present .  
II 
C .  Traveling-Wave L i m i t  
Another important l imiting case i s  obtained when the 
s t r u c t u r a l   r o o t s   p 2  and p4 lie c lose   to   the   imaginary  axis 
and p1 i s  wel l   out  on the  real  a x i s .   I n  t h i s  case,   the   large 
exponent ia l   par t  of t he   cha rac t e r i s t i c   func t ion  F1 must be 
removed,essentially since i t  i s  the difference between lower 
order  terms that leads t o  f l u t t e r .  For t h e  f l u t t e r  d e t e r m i n a n t s  
( 2 . 2 5 )  and 42.26) t o  vanish,  the coeff ic ient  of the func t ion  
F - 2Ale must  be s e t  t o  z e r o .  This l e a d s  t o  a s ing le  1 
summation over the remaining functions; namely, 
10 
' 2  2 
= 0 pinned edges 
n=2 
In general ,  a l l  cf the  remaining  functions F2 through F10 
con t r ibu te  to D(k, s )  . An important   special   case where only 
two terms cont r ibu te  i s  cons idered  in  the  next  sec t ion .  
To derive asymptotic f c rmulae fo r  the  mode shapes, we wr i t e  
t he  cha rac t e r i s t i c  func t ion  in  the  fo rm 
P1" 
F(x) = 2Ale + F(x) (3.13) 
a n d  subs t i t u t e   i n to   t he   fo rmulae  ( 2 . 8 ) .  We g e t  
f ( x )  = 2A1 [(p: - + fy]e PI" 
+ (F" - AI?) fi + I? f"' pinned 
0 
Now apply the boundary condition a t  the t r a i l i n g  edge f o r  
large s . We ob ta in  
The e f f e c t  of the   exponent ia l   par t  of F1 i s  only  important 
n e a r  t h e  t r a i l i n g  edge where i t  i s  needed f o r  r e f l e c t i o n  of 
t he  inc iden t  t r ave l ing  wave. 
r e s u l t  i n  that  correct ions  &re of O(emPIS)  compared t o   u n i t y .  
Where f l u t t , e r  i s  obtained within this  approximation i t  i s  of 
the  traveling-wave  type. 
The foregoing approxinetion i s  again ,a strong asymptotic 
D. A Weak Traveling-Wave L i m i t  
A spec ia l  case  of the t rave l ing-wave  resu l t  i s  obtained 
when Re p2 iz R e  p4 =and both  roots  a re  c lose to ,  but  not  on, 
the  imaginary  axis .  Also, we m u s t  have s s u f f i c i e n t l y   l a r g e  
that  we can  neglect  terms of compared to   un i ty .  I n  
th i s  sense,  the  followiing results 81-2 weakly  asymptotic. How- 
ever, t h e y  s e r v e  t o  i l l u s t r a t e  some of the  bas ic  proper t ies  of 
t ravel ing-wsve type of  f lut ter  . 
For the  case  a t  hand, we can neglect  a l l  but the exponential  
p a r t  of the terms  F2 and F4 i n  (3.12). Alterna t ive ly ,  we 
obta in  the  same r e s u l t  for D( k, s) i f  we neglect  the last  t e r n  
i n  (3.7) and (3.8). Thus we have f o r  t h e  f l u t t e r  c o n d i t i o n  
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I- - 
Each af these can be solved completely.  Let 
Pn - an - + i bn 
Then f o r  e i t h e r  of (3.17) we have 
or separa t ing  real  and imaginary parts 
i- 
s l n  I {b4 - b 2 ) s  + a, 1 = 0 
L 
From the second equation we have 
(b2 54)s - $I = %IT m = 1,2,. . . 
m d  q c n  s u b s t i t u t i o n  i n  t h e  f i rs t  of (3.19), we get  
1 s =  
“4 - “2 
10; R 
In  swmary, we have  the  following  equz’tions f o r  s : 
(3.18) 
(3 .19)  
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s =  l og  Ii 
"4 - "2 (3.20) 
where R and $I are   def ined by (3.18). The in t e r sec t ion   o f  
(3.2Ob) with the branches o r  (3.2Oa) y i e l d s  a n  i n f i n i t e  set of 
f l u t t e r  p o i n t s .  Whether or n o t  f l u t t e r  of this type i s  poss ib le  
at a l l  depends  upon  the  algebraic sign of a4 - a2 . We s h a l l  
see by numerical example i n  S e c t i o n  I V  t h a t  s u c h  f l u t t e r  i s  
possible ,but  that it i s  ve ry  sens i t i ve  to  damping. Mach 
number and other  small changes that can switch the sign of 
a4 - a2 
E .  In f in i te   Length   S ta t ic   Theory  
Here we give a l i m i t  r e s u l t  t h a t  i s  based on the simple 
s t a t i c  aerodynamic  theory  (see  (3.10). When the re  i s  no 
damping of any kind i t  i s  found by nuxe r i ca l  ca l cu la t ion  tha t  
f l u t t e r  based on s t a t i c  ae rodynmic  theo ry  wi th  s 4 00 occurs 
when the   roo ts   p2  and  p4- coalesce  with p on t h e   r e a l  
axis. In   such  case,   the   character is t ic   polynomial  and i t s  
f i r s t  two de r iva t ives  must vanish s imultaneously to  yield a 
t r i p l e   r o o t .  Thus 
1 
p4 - Ap2 +'$ p + B = 0 B 
4p3 - ulp + - =  0 S B 
6p' - A = O (3.21) 
These equat ions   a re   eas i ly   so lved  for the roo t  p1 and o ther  
physical   parameters  a t  f l u t t e r .  The r e s u l t  is: 
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1/2 
where 
k 5 . w .  = L(*) p1 
r x = r  + r  r = r  + r  
xO x1 ’ Y YO y1 
mass r a t io  pa rame te r  
(3.22) 
nlaterial a l t i tude  parameter  
speed of sound i n  t h e  
pane l  mater ia l  
The r e su l t s  (3 .22 )  a re  use fu l  f o r  numerical  calculat ions 
with the exact formulae since they yield an approximate upper 
bound on f o r  which  standing-wave  type of f l u t t e r  can occur.  
Also, one can see immediately the effect  of edge r e s t r a i n t ,  
membrane s t r e s s ,  Mach number, material and a l t i t u d e  on 
f l u t t e r   t h i c k n e s s  o r  value. When rx = 0 , we have 
pinned edges 
- 3.49 
4 
= 2.02 clamped  ges 
Clamping the stringers causes zbout a 10% r educ t ion  in  the  
pinned edge f l u t t e r  c~ . Membrane tension  causes   an  increase 
i n  p1 and a r e d u c t i o n  i n  wS.W. , while compression has the 
oppos i t e   f f ec t .  Also, we see that p.s.w. increases  as M 
f o r   l a r g e  M and  increases as q 2'3 . Dense materials with 
low sound speeds a t  high a l t i t u d e   r e q u i r e   g r e a t e r  ~1 f o r  
s t a b i l i t y .  Both cases,  however, requi re  smaller panel 
thickness .  
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F . Semi-Inf i n i t e  Traveling-Wave Theory 
I n  Ref. 20 Dowell t r e a t e d  t h e  i n f i n i t e  l e n g t h  d i s c r e t e  
panel, and i n  R e f .  21 some r e s u l t s  for the  pane l  array a re  
given. A comparison of the  t ravel ing-wave  resul ts  w i t h  exact 
ca lcu la t ions  for  very  long  panels  ( see  Sec t ion  I V )  suggests 
that  "traveling-wave theory' '  i s  a v a l i d  l i m i t  of the exact  
theory (a t  least  when s t r u c t u r a l  damping i s  absent ) .  Assuming 
that  the traveling-wave theory i s  a va l id  limit (a  t h e o r e t i c a l  
proof i s  l a c k i n g )  we can cons t ruc t  the  so lu t ion  of a semi- 
i n f i n i t e  p a n e l  a r r a y  t h a t  has i t s  leading edge upstream a t  
i n f i n i t y  and a t r a i l i n g  edge a t  the  or ig in .  
The f l u t t e r  boundary for  the  semi- inf in i te  pane l  array i s  
the  same as that for an i n f i n i t e  l e n g t h  a r r a y .  The de ta i led  
method of ca l cu la t lon  i s  discussed by Dowell  (Ref. 20).  Here 
we summarize a convenient  parametric  method. If t i s  a 
parameter  anging  from 1 to   i n f in i ty ,   t he   fo rmulae   a r e :  
2 2  1 
x = b  b12 - b 2 = (62 + 
+&I2 - b2 + b /a ) 
2x(1 + dy)' 
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U* = (1 + ay)c  * f l u t t e r  s p e e d  
x = -  2 x wave l eng th  
where 
* c  
(3 = -  u* = u 
c O  c O  
1 
2 
-
reference wave speed 
0 
For fixed values of 
minimum of U* as a 
su l tan t  va lue  i s  the  
( 3.24) 
M, I”, n, rx> 
- 
r , we ca lcu la t e   t he  
func t ion  of the  parameter t . The r e -  
f l u t t e r  s p e e d .  
The main poin t  of  in te res t  here  i s  the c a l c u l a t i o n  of the  
mode shape.  Recall that t h e  i n f i n i t e  l e n g t h  mode shape i s  
simply a s ine  wave t r ave l ing  in  the  s t r eam d i r ec t ion  wi th  
ve loc i ty  c . We ask what happens when the wave approaches 
t h e  t r a i l i n g  e d g e .  
* 
Referr ing once again to  the root  plane,  Fig.  2a,  we note 
f i r s t  t h a t  t h e  t r a v e l i n g - w a v e  r o o t  i s  the root   p4 ; i . e . ,  
t he  wave length,  X = 27r/lphl . When 1-1 = pt .w. , as computed 
from (3.24), p4 is pure  negat ive  imaginary.   For   an  inf ini te  
panel  p4 i s  the  only  admissable   root   in  that the  corresponding 
eigenfunct ion e p”x does not grow o r  decay in  the  ups t ream or  
downstream di rec t ion .   For   the   semi- inf in i te   pane l ,   the   roo ts  
p1 and p2   a re  also admissable   solut ions;   i .e . ,  we can  write 
the mode shape of t h e  s e m i - i n f i n i t e  p a n e l  i n  t h e  form 
-P4X -P-p  -P2X 
f ( x )  = e + Ale + A2e (3.26) 
where X i s  the  distance  measured  upstream  from  the  trail ing 
edge. We have  normalized f such that  i t  tends  asymptot ical ly  
t o  a unit amplitude sine wave a t  ups t ream inf in i ty .  Now apply 
the boundary condition a t  t h e  t r a i l i n g  edge 
- E C f  ‘(0) + E f “ (0 )  = 0 
P ( 3.27) 
The final r e s u l t  f o r  A1 and A2 i s  
- u4 - u2 - u4 
A1 u2 - u1 A2 u2 - u - 1 
To c a l c u l a t e  the mode shape f o r  a semi- inf in i te  pane l  the  
procedure i s  the following: 
1. Calculate  a t r ave l ing -wave  f lu t t e r  po in t  u s ing  (3.24). 
2. For t h e  f l u t t e r  p o i n t  o b t a i n e d  i n  s t e p  1, c a l c u l a t e  a l l  
r o o t s  of t he   cha rac t e r i s t i c   func t ion  6’ (see Eq. (2.6) 
and i s o l a t e  p1 and p2 . Recall  p4 i s  o b t a i n e d   i n  
s t ep  1. 
3. Use t h e  r o o t s  t o  c a l c u l a t e  the mode shape w i t h  (3.26). 
Numer ica l  ca lcu la t ions  a re  g iven  in  Sec t ion  I V .  
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I V .  NUMERICAL RESULTS 
A .  D e s c r i p t i m  and Ver i f i ca t ion  of the Computational. S.ch.eme ~ -~
I n  the present  sec t ion ,  we show how f l u t t e r  c a l c u l a t i o n s  
a r e  made w i t h  t he  Zeydel method and give some comparisons wi th  
p rev ious   r e su l t s  that  v e r i f y  t h e  com3utational  scheme.  In a l l  
ca lcu la t ions  presented ,  the fol lowing condi t ions hold:  
1. Pinned leading and t r a i l i n g  edges; 
2 .  dnge r s   w i thou t   t o r s iona l   r e s t r a in t   (p inned) ;  
3. I so t ropic   pane l  material (a = s2 = I,); 
4. Zero  viscous damping (y = 0) ;  
5 .  No e l a s t i c   founr ' a t ion  (Ke = 0 ) .  
XY YY 
A complete discussion of the dinensionless  parameters  used t o  
d isp lay  numer ica l  resu l t s  i s  g iven  in  Appendix C ,  together  w i t h  
some useful formulae for conversion t o  dimensional  quant i t ies .  
The k versus s parameter  plane is used t o   s e a r c h   f o r  
f l u t t e r  p o i n t s  on the  computer .  Typica l  resu l t s  a re  g iven  in  F ig .  
4 and a r e  c a l c u h  t e d  as fol lows.  The parameters M , p , q , g , 
r and ry are f ixed .  Then, t h e   f l u t t e r   c o n d i t i o n  (see (2.25)  
and (2.26)  ) i s  expressed i n  t h e  form 
x ,  
D(k,.s) = DR(k,s )  -I- I D ( k , ~ )  = 0 I 
where DR and DI a r e   t h e   r e a l  and  imaginary  parts of D . 
The so l id  cu rves  in  Fig.  4 are the locus of po in t s  where DR = 0 . 
There are a n  i n f i n i t e  number of branches of DR of  which t h e  
f i r s t  t e n   a r e  shown ( l abe l l ed  m = l , 2 3 . . . ) .  The branch  index m 
i s  the number of half  waves In t he  de f l ec t ion  mode and may be put 
i n t o  one-to-one correspondence w i t h  the na tu ra l  v ib ra t ion  modes. 
I n  f a c t ,  the branches tend asymptot ical ly  to  the locus  of n a t u r a l  
frequencies  of t h e  pane l   fo r   l a rge  k or f o r  vanishing  aero- 
dynamic fo rces .  
The a c t u a l  f l u t t e r  p o i n t s  i n  P i g .  4 are  obtained as  fol lows.  
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The value of DI(k,s) i s  computed along  each  branch  for   dif ferent  
k values .  When DI changes sign a t  two consecut ive  points  on 
any branch, we i t e r a t e  f o r  the f l u t t e r  p o i n t  tha t  l i e s  i n  between. 
There are  two d i s t i n c t  t y p e s  of f l u t t e r  po in ts  tha t  are obtained 
i n  this way (see po in t s  A and B i n   F i g .  4 ) :  
Standing-wave f l u t t e r  ( P o i n t  A ,  F i g u r e 3  
The sign  of DI(k,s) a l t e r n a t e s  as we t raverse   success ive  
branches.  Furthermore, i f  I-L i s  su f f i c i en t ly   sma l l ,  as i t  i s  
i n  F i g .  4, then t h e  branches coalesce in  pairs (1 and 2), (3 and 
4 ) ,  e t c  . , f o r  small k (of the o r d e r  of a few t en ths  ) . A t  each 
poin t  of  coalescence, DI i s  zero  and we obta in  a f l u t t e r  p o i n t .  
The coalescence a t   p o i n t  A , f o r  example, i n   F i g .  4 i s  the  
coalescence of f requencies  of branches (or modes) 1 and 2 as t h e  
length- to-width  ra t io  i s  var ied .  The boot of the k-s plane is ,  
i n  f a c t ,  j u s t  a new  way of d i sp lay ing  t h e  well known frequency 
coalescence type of f l u t t e r  that  i s  charac te r ized  by s t rongly  
coupled modes and a near ly  s tanding wave type  of mode shape. We 
refer  t o  t h i s  type of f l u t t e r  a s  standing-wave f l u t t e r  i n  the 
present study, even though i t  i s  o n l y  i n  t h e  absence  of a l l  damp- 
ing  tha t  the mode shape i s  a pure standing wave. 
The standing-wave f l u t t e r  p o i n t s  a r e  approximated closely 
by the simple s t a t i c  aerodynamic  theory w i t h  z e r o  s t r u c t u r a l  
damping even a t  f a i r l y  low values of the Mach number. Subsequent 
r e s u l t s  will subs tan t i a t e  t h i s  claim. The la rges t   va lue  of )I 
f o r  which standing-wave f l u t t e r  c a n  c c c u r  i s  therefore  g iven  
approximately by w,.,. i n  (3.21). For example, f o r  the  values  
of M and q i n   F i g .  4, t h e  largest value  of p i s  approxi- 
mately 69.3 . Beyond th i s  value of CL , t h e  branches ' d o  not  
coa lesce   in  the  IC versus s plane. 
Traveling-wave f l u t t e r  ( P o i n t  E, Figure 4 )  
The second  type of f l u t t e r  i s  obtained f o r  larger values of 
k and o c c u r s   i n   p a i r s  on swcess ive   b ranches .  The re  i s  always 
a lowest branch for which i t  can occur a t  a l l ;e .g . ,  i t  i s  branch 
3 i n  F ig .  4. A l l  of t h e  f l u t t e r  p o i n t s  o c c u r  i n  a f i n i t e  k-band. 
I n  Fig. 4, k lies between .5 and 3.7 . As CL i s  increased, 
tk k-band dec reases   t o   ze ro  a t  some l imi t ing   va lue  ~1 = , 
and the lowest branch number f o r  f l u t t e r  t e n d s  t o  i n f i n i t y .  We 
s h a l l  see, by numerical example, that t h e  l imi t ing  va lue  i s  
predicted by  $he  simple  traveling-wave  theory"  (Refs. 20, 21) 
f o r   a n   i n f i n i t e   l e n g t h   p a n e l  when  g = 0 . It is for t h i s  
reason  tha t  we have chosen t o  i d e n t i f y  t h e  second type of f l u t t e r  
as  t rave l ing-wave   f lu t te r .  
I n  Table 1, a comparison i s  made of f l u t t e r  p o i n t s  c a l c u l a t e d  
by the Galerkin method (Ref. 22) and the  present  exac t  method 
for a square  panel a t  M = 1.35 . 
TABLE 1. COMPARISON OF 
(g  = .01 
58.02 84.227 1.50 
38.86 59 - 147 1 .TO 
28.70 46.386 1.80 
17 - 63 32.127 1.90 
G A U R I C I N  AND EXACT FESULTS 
, r x = r  = o )  
Y 
k - Exact  Galerkin 
1 - 49997 1.0 
1 79843 1.0 
I. 89412 1 i o  
1.69942 1.0 
- S 
Exact 
-99998 
1.00017 
1.00181 
1.00049 
We conclude from Table 1 t h a t :  (1) the Galerkin procedure gave 
converged r e s u l t s  f o r  t h e  case considered in  Ref .  22, and 
( 2 )  t h e  present   exact  scheme i s  ca l cu la t ing   co r rec t ly .   Fu r the r  
v e r i f i c a t i o n  i s  t o  be found i n  t h e  nature  of t h e  mode shape.  In 
R e f .  22, it i s  pointed out  that  the t h i r d  mode i s  dominant i n  the  
Galerk in   ca lcu la t ions .  With t h e  exact   procedure,   f lut ter   occurs  
in  eve ry  case  on branch 3 .  The a c t u a l  mode shape for the first 
p o i n t  i n  Table 1 i s  g i v e n  i n  F ig .  5. It i s  c l e a r l y  dominated 
by t h e  t h i r d  ''assumed  mode." F ina l ly ,  we remark tha t  a l l  f l u t t e r  
p o i n t s  i n  Table 1 are of the t ravel ing-wave type and  form p a r t  
of the c r i t i c a l  f l u t t e r  b r a n c h .  
B. E f f e c t  of Al t i tude  and Panel Material on Flutter Boundaries 
FOP a given set; of P values ,   the  k-s plane   ca lcu la t ions  
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FIGURE 5.  TYPICAL TRAVELING-TdAVE FLUTTSK IJlODE SHAPE FOR A SQUARE PA?EL-; 
M = 1.35 1-1 = 58.N , d = 84.227 g = 0.01 , k = 1.5 
are r epea ted   t o   b t a in   des ign   cu rves  of v versus  s . Resul t s  
are given i n  F igs .  6a, b, c ,  and d f o r  f o u r  v a l u e s  of t h e  
material a l t i t ude   pa rame te r  q a t  M = 1.35 . For any  panel 
material, the conversion of t hese  data to  th i ckness  ve r sus  pane l  
l eng th  i s  s t ra ight forward .  The detai led  procedure is g i v e n  i n  
Appendix C . 
The present  computat ional  scheme has the advantage of g iv ing  
a complete  curve for a l l  length- to-width ' ra t ios .  We n o t e  t h a t  
for a l l  of t h e  r e s u l t s  i n  F i g .  6 t h e  maximum th ickness  requi red  
t o  p r e v e n t  f l u t t e r  is required by the  very  long panels. Both 
the standing-  and  traveling-wave  branches of the f l u t t e r  boundary 
have this property.  We conclude that  a ve ry  conse rva t ive  e s t i -  
mate of t h e  des ign  th ickness  of a panel can be ca l cu la t ed  from 
r e s u l t s  f o r  s = m . 
The t ravel ing-wave branch of t h e  f l u t t e r  boundary c o n s i s t s  
of a s e r i e s  of' l o o p s   i n  t h e  IJ. vs .  s p lane .  The p r a c t i c a l  sta- 
b i l i t y  boundary i s  the.  envelope of these loops.  Each loop 
cor responds   to  one of the  branch  numbers on a k vs.  s graph 
l ike  Fig.  4. Thus, for   any   va lue  of s , we can  simply  read 
off t h e  number of half waves i n  t h e  mode shape, as well as t h e  
CL value a t  f l u t t e r .  
The envelope of t h e  t r a v e l i n g  wave loops  t e n d s  t o  a 
l imi t ing   va lue   in   each  of the   curves  of Fig.  6. This limit i s  
i n  a l l  ca ses   ve ry   c lose  t o  t h e  f l u t t e r  ptaW. predicted by t h e  
" t r a v e l i n g  -wave" theory  of a n  i n f i n i t e  l e n g t h  a r r a y  of pane ls  
(Ref. 21) .  Also ,  t h e  wave length  i s  c a l c u l a t e d  t o  be about  one 
panel  w i d t h  i n  each case.  The r e s u l t  based on  "traveling-wave" 
theory wi th  g = 0 i s  included on each  curve of F ig .  6. I n  a l l  
cases ,  the p r e s e n t  r e s u l t s  t e n d  t o  a s y m p t o t e  s l i g h t l y  below the 
g = 0 limit va lue .   These   r e su l t s   i nd ica t e  tha t  t r u e   s t r u c t u r a l  
damping has a s t a b i l i z i n g  e f f e c t  on  the  t rave l ing  wave f l u t t e r  
branch.  Recall  the r e s u l t  of Dowell (Ref. 20) that any small 
amount of viscous-type damping always leads t o  i n s t a b i l i t y  when 
M > 1  . 
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A comparison of the traveling-wave branches i n  F i g s .  6a, b, 
c ,  and d shows t h a t  the l a r g e s t  mass r a t i o s  t o  p r e v e n t  f l u t t e r  . 
are required a t  the h i g h e s t   a l t i t u d e   ( l a r g e s t  q). However, if 
we conver t  to  th ickness ,  fo l lowing  Appendix C ,  we f ind  that  the  
l a rges t   t h i ckness  is required a t  low a l t i t u d e .  The conversion 
t o  t h i c k n e s s  i s  g i v e n  i n  Table 2 for aluminum panels  and 
s = l ,  2, 00. 
TABIX 2. THICKNESS REQUIRED FOR STABILITY 
AT M = 1.35 AND DIFFERENT  ALTITUDES 
s = l  s = 2  s = c b  
3 - CL - T - CL - T - CL - T 
190.8  17.6 .0058:: 22.0 .0073 0 20.4 .00875 
331.0 28.5 .00511 36.0 .00645 42.6 .00765 
476.5 39.0 .00479 50.0 .00614 59.0 .00724 
809.8 58.0 .0042 1 80.0 .00581 95. g .00696 
The traveling-wave branch i s  t h e  c r i t i c a l  f l u t t e r  boundary 
f o r  a l l  of the r e s u l t s  i n  F i g .  6. It is of i n t e r e s t ,  however, 
to   discuss   the  s tanding-wave  branch.  The small c i r c l e s  i n  Fig. 
6 are standing-wave f l u t t e r  p o i n t s  c a l c u l a t e d  w i t h  the exact 
theory f o r  g = .01 . They are   points   of   coalescence of  branche: 
1 and 2 i n   t h e  k-s plane. The sol id   curve  in   each  par t   of  
Fig.  6 is the resu l t  ob ta ined  w i t h  s t a t i c  aerodynamic  theory f o r  
g = 0 . The e x a c t   r e s u l t s  are very  c lose  to ,  and s l i g h t l y  below, 
t h e  s ta t ic - theory   curve .  T h i s  r e s u l t   s u g g e s t s   t h a t   s t a t i c -  
aerodynamic theory i s  adequate  to  pred ic t  t h e  standing-wave  branc! 
of the f l u t t e r  boundary  even f o r  r e l a t i v e l y  low  Mach number. A 
similar and s t ronger  point  of  view i s  expressed by Bohon and 
Dixon (Ref. 23). They g i v e  t h e o r e t i c a l  and experimental  evidence 
to  support  the claim that  the standing-wave branch (calculated 
wi th  s t a t i c  aerodynamic theory) i s  t h e  c r i t i c a l  f l u t t e r  b r a n c h  
even a t  Mach numbers as low as 1 . 3  when the  length-to-width 
r a t i o  i s  g rea t e r  t han  un i ty .  Resu l t s  of the  present  study (see 
Fig .  6a) support  t h i s  view for sea l eve l  cond i t ions  (small values 
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of .II). A t  h i g h e r   a l t i t u d e  and low Mach number, t he re  i s  a 
considerable  difference between the s tanding-  and t ravel ing-wave 
boundaries (see Fig. 6d) and the l a t t e r  i s  the  c r i t i c a l  b r a n c h .  
The results p resen ted  in  F ig .  6 a l s o  i n d i c a t e  t ha t  s t ruc -  
t u r a l  damping has a s t a b i l i z i n g  e f f e c t  on the  standing-wave 
branch .   F ina l ly ,  we remark t h a t  t h e  asymptote pLs.w,  of each 
standing-wave branch i s  g iven  by t h e  simple limit r e s u l t  (3.21). 
The standing- and traveling-wave branches d i f f e r  i n  s e v e r a l  
fundamenta l   respec ts .   F i r s t ,  t he  reduced  frequencies are much 
smaller on the standing-wave branch - i n  p a r t i c u l a r ,  a t  h igher  
a l t i t u d e .   T y p i c a l   r e s u l t s  are g iven   i n   Tab le  3 f o r  s = 00 . 
TABLE 3 .  REDUCED  FREQUENCIES  FOR STANDING- 
AND TRAVELING-WAVE  BRANCHES 
(M = 1.35 , s = 00) 
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k 
S-wave 
k 
T-wave 
190.8 0.234 0 987 
331.0 0.198 1.078 
476 5 0.173 1.129 
809.8 0.147 1.192 
Second, t h e  mode shapes are v a s t l y  d i f f e r e n t .  I n  F i g .  7, t h e  
standing-wave mode shapes are given for the two p o i n t s  A ,  B 
i n  Fig.  6d .  The d e f l e c t i o n  i s  concent ra ted  s t rongly  near  the 
t r a i l i n g  e d g e  and has a very long wave l e n g t h  f o r  . l a r g e  s . 
The traveling-wave mode shapes are shown i n  F ig .  8 f o r  p o i n t s  
C,  D, E i n  F i g .  6d. The d e f l e c t i o n  is of much s h o r t e r  wave 
length  (order  of the  pane l  w i d t h )  and i s  d i s t r i b u t e d  o v e r  t h e  
pane l  length  w i t h  only a s l i g h t  c o n c e n t r a t i o n  a t  the t r a i l i n g  
edge. The mode shape a t  po in t  C ,  which i s  a c r i t i c a l  f l u t t e r  
po in t ,  i s  almost a pure   s ine  wave. It i l l u s t r a t e s  why t h e  
t rave l ing-wave  f lu t te r  branch  i s  o f t e n  c h a r a c t e r i z e d  as  "s ingle-  
degree-of-freedom-flut ter"  in  the low supersonic regime. 
LEADING  EDGE  TRAILING  EDGE 
s = 5.08 
( a )  Mode Shape a t  P o i n t  A i n  Fig. 6d  
LEADING EDGE TRAILING EDGE 
s=7.35 
( b )  Mode Shape a t  P o i n t  B i n  Fig. 6 d  
FIGURE 7 .  TYPICAL MODE SHAPES ON THE STANDINGWAVE FLUTTER  BRANCH; M = 1.35 , = 810. @ , g = C 
( a )  Mode Shape a t  P o i n t  C i n  F i g .  6 d  
(t') Mode Shape a t  Poin t  D i n  F ig .  6d 
(c:) Mode Shape a t  P o i n t  E i n  F i g .  6 d  
FIGURE 8. TYPICAL MODE SHAPES ON THE TRAVELING-WAVE FLUTTER BRANCH; 
M = 1.35 , q = 810.0 , g = 0.01 
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Maximum 
W/T = .446 
sX = 223 
s = 94.5 Y 
Location 
X = 1.26 
= 1.30 
= 1.26 
A l l  maxima occur  near  the t r a i l i n g  e d g e  (s = 1.44). 
To use the dimensionless data t o  c a l c u l a t e  stress, we pro- 
ceed as follows.  Suppose  the  panel i s  aluminum. From Fig.  C-1 
i n  Appendix C,  we f i r s t  c o n v e r t  t h e  f l u t t e r  I-L i n t o   t h i c k n e s s  
f o r  q = 300. We ob ta in  
- " 2200 28*7 (.445) 
= .0058 
Then from  (1.21) 
ET 2 - 
'x max I 12(1  - v ' )  ( )max 
and for E = lo7 p s i  and v = .318 , we have 
0 "  lo7(-. 005.8)~ (223 1 x max 1 2 ( 1  - ( .318)2) 
= 7110 p s i  
fs y max = 3020 p s i  
The conversion t o  stress for  any  panel  material i s  equa l ly  
s t ra ight forward .  
The second  example i s  for the  fol lowing condi t ions:  
M = 1.35 g = .01 
q = 260 r = o  
I.L = 18.8 r = 0, 100 
Y 1  
x1 
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The mode shapes for a semi- inf in i te  pane l  are shown i n  
F ig .  9 f o r  M = 1.3 and  two d i f f e r e n t   a l t i t u d e s .  A t  low a l t i -  
tude (Fig.  gb) the i n c i d e n t  t r a v e l i n g  wave i s  a pure s ine wave 
to  wi th in  abou t  5 panel w i d t h s  or" t h e  t r a i l i n g  edge, where i t  
grows to  approximately twice the amplitude of the inc iden t  wave. 
A t  a l t i t u d e  ( F i g .  9 a )  the i n c i d e n t  wave i s  a f f e c t e d  much sooner 
by t h e  t r a i l i n g  edge, i . e . ,  a t  about 10 panel  wid ths .  Then, t he  
ampl i tude  decays  s l igh t ly  before  i t  grows a g a i n  t o  t w i c e  the 
inc iden t  wave amplitude. 
C .  S e n s i t i v i t y  of  Traveling-Wave F l u t t e r  t o  S t r u c t u r a l !  Damping 
We have seen that  s t r u c t u r a l  damping has a small s t a b i l i z i n g  
e f f e c t  on t h e  standing-wave f l u t t e r  b r a n c h ;  a l s o ,  f o r  M = 1.35 
and smaller, It has a s l i g h t l y  s t a b i l i z i n g  e f f e c t  0;1 t h e  t r ave l ing -  
wave branch.  For larger  Mach numbers, s t r u c t u r a l  damping has a 
much l a r g e r  s t a b i l i z i n g  e f f e c t  which we want t o  i l l u s t r a t e  here. 
The e f f e c t  of s t r u c t u r a l  damping i s  b e s t  i l l u s t r a t e d  wi th  
the  weak a sympto t i c  r e su l t s  p re sen ted  in  Sec t ion  I I I D .  Refer r ing  
t o  F i g .  4, the b ranches  fo r  which t h e  real  part  of t h e  f l u t t e r  
determinant,  DR , i s  zero  are well approximated  by (3.19a). 
The locus of po in t s  where DI = 0 i s  approximated by (3 .  l g b )  
(dashed l i n e  i n  Fig.  4 ) .  The accuracy of the  l a t t e r  curve i s  
no t  as  good a s  tha t  of t h e  rea l  branches but i s  s a t i s f a c t o r y  f o r  
l a rge r   va lues  of s . We the re fo re  use (3.19) to   demonst ra te  
the  e f f e c t  of g on t h e  t rave l ing-wave   f lu t te r   b ranch  for large 
M .  
For higher  Mach number, the t r a v e l i n g  wave f l u t t e r  b r a n c h  i s  
t y p i c a l l y  l i k e  t h a t  i n  F ig .  14 i n  S e c t i o n  VF . The standing-wave 
branch i s  c r i t i c a l  up t o  some value of s where f l u t t e r  t h e n  
becomes of  the  traveling-wave  type. The minimum value of s 
where t rave l ing-wave  f lu t te r  can  occur  i s  approximated by t h e  
weak asymptotic  formulae (3.19). The f o l l o w i n g   t y p i c a l   r e s u l t  
i s  obtained.  
For M = 2 a t  sea l e v e l  (7 = 147) and p = 60 , the  
minimum value  of s f o r   t r a v e l i n g - w a v e   f l u t t e r  i s  about 1 L i  
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Incident Traveling - Wove ( X=0.958) 
Incident Traveling-Wave ( A =  1.2 1 
(b) q=147, p =19.01 
FIGURE 9 .  MODE SHAPES FOR A SEMI-INFINITE PANEL; M = 1.3 , € = O 
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We compare the c r i t i c a l   f l u t t e r   p o i n t   f o r  r = 0 and 100 . 
For r = 0 , the c r i t i c a l   f l u t t e r   p o i n t  i s  on branch 3 with 
k = 2.273 and s = 0.935 . The s t r e s s   l e v e l  i s  zero.  When 
"1 
"1 
r X l  
= 100, t h e  c r i t i c a l  p o i n t  i s  on branch 5 w i t h  k = 2.18 and 
s = 1.74 . The i n c r e a s e   i n  s i s  a measure of t h e   s t a b i l i z i n g  
e f f e c t  of the nonl inear  membrane stress. 
The maximum d e f l e c t i o n  and s t r e s s  f o r  t h e  case w i t h  r = 106 
"1 
a r e  a s  follows: 
Maximum 
W/T = 2.66 
sX 
s = 739 
= 1705 
Y 
Loc a t   i o n  
X = 1.65 
= 1.70 
= 1.70 
Again, the  maxima a re  nea r  t he  t r a i l i ng  edge .  The ca lcu la ted  
stress l e v e l s  i n  a n  aluminum panel  are:  
ox 31,900 p s i  
o = 13,800 p s i  Y 
The s t r e s s  i n  the f i r s t  example i s  e s s e n t i a l l y  below the 
f a t igue  limit f o r  aluminum  and so  can be  termed a weak f l u t t e r  
po in t .   Fo r   t he   s t r e s s   i n   t he  second  example, a f a t i g u e  l i f e  of 
approximately 100,000 cycles   can be expected  (see  Ref. 24 ) .  For 
an a i r c ra f t   pane l ,   such   f l u t t e r   canno t  be t o l e r a t e d .  However, 
f o r  a one-shot  miss i le  appl ica t ion ,  such  a s t r e s s  l e v e l  may be  
s a t i s f a c t o r y  when the number of cyc les  i s  qui te   small .   Further  
discussion of t h e  f a t i g u e  l i f e  of' Saturn V panels i s  g i v e n  i n  
the following section. 
F. Flut ter   Boundaries  f o r  a Saturn V Operational "_ Trajectory . - " . - . -.  . 
We conclude our i nves t iga t ion  wi th  some results f o r  alum- 
inum panels on a typ ica l  Sa turn  V o p e r a t i o n a l  t r a j e c t o r y .  The 
pe r t inen t  t r a j ec to ry  da t a  ( supp l i ed  by Marshall Space Flight 
Center )  a re  g iven  in  F ig .  12 and  Table 4. The vehicle goes 
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TABLE 4. DATA FOR SATURN V TMJECTORY 
Dynamic A1,uminum 
Pressure A 1  t it ude M ft lb/f  t d P ,  PIP, a/ao T h o  T 
25, ooo 
30,000 
35,000 
40 9 000 
45,000 
: 3,000 
55,000 
60, ooo 
.4486 
3747 
. 3106 
.2471 
2945 
.I531 
. 1206 
. O w  
37-16 
2975 
2359 
.I858 
,14-62 
.1151 
.0907 
.0714 
.g11 
.8g1 
.871 
. 868 
.868 
l 868 
.868 
.868 
2.03 
2.38 
2.80 
3.51 
4.4-6 
5.66 
7.20 
9.20 
275 
327 
384 
482 
612 
778 
988 
1260 
through M = 1 a t  a n  a l t i t u d e  of 25,000 f t  and reaches maximum 
dynamic Pressure  a t  40,000 f t  and M = 1.55 . 
Complete des ign  f lu t t e r  boundar i e s  (w versus s )  were calcu- 
lated a t  two po in t s  on tkE t r a j e c t o r y ,  M = 1.37, q = 384 and 
M = 1.55, q = 482 The r e s u l t s  are shown i n  Figs. 13 and 14 . 
The r e s u l t s  i n  F i g .  13 are very similar t o  those presented in  
Sec t ion  IVB . The traveling-wave  branch is t h e  c r i t i c a l  f l u t t e r  
branch   for  a l l  s Also, both  branches  tend  asymptotically  to 
the r e spec t ive  l i n i t s  wt  ,w 
r e s u l t s  i n  F i g .  1 4  are t y p i c a l  of t h e  type of f l u t t e r  b o u n d a r i e s  
obtained for h ighe r  Mach numbers. The standing-wave  branch i s  
the  c r i t i c a l  f l u t t e r   b r a n c h  up t o  s = 3.1 . Then, t he  t rave l ing-  
wave branch becomes c r i t i c a l  w i th  a jump i n  t h e  mass r a t i o  o r  
thickness  required for s t a b i l i t y ;  a l s o ,  there i s  a jump i n  the 
frequency. The asymptote of the traveling-wave  branch i s  con- 
s iderably  less than  due to s t r u c t u r a l  damping. As was 
pointed out  in  Sect ion IVC , t h i s  s e n s i t i v i t y  t o  small values of 
g i s  t y p i c a l  at higher Mach numbers. 
. and 1J.s.w. for large s . The 
F ina l ly ,  we give a design flutter boundary (thickness-to- 
w i d t h  r a t i o  v e r s u s  a l t i t u d e )  for aluminum panels  on the Saturn V - 
S-IVB forward skirt.  The material p rope r t i e s  are: 
E = 10.3 X 10 p s i  
= 5.36 s lugs / f t  3 
PS 
6 
V = 0.33 
= 18,450 f T;/sec . 
Curves of T v e r s u s  a l t i t u d e  are g i v e n  i n  Fig.  15 f o r  two length- 
to-width r a t i o s ,  s = 2 and s = 4.48 . The l a t t e r  case 
corresponds to  an actual  panel  used on the forward skirt of the 
S-IVB stage. The f l u t t e r  boundary  obtained w i t h  the t rave l ing-  
wave theory ks  a l s o  shown for comparison. 
For fixed length-to-width r a t i o ,  the c r i t i c a l  f l u t t e r  bound- 
ary i s  the dome-shaped region f o r  small Mach number and the 
standing-wave  branch for larger Mach number. T h i s  i s  a familiar 
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type  of f l u t t e r  boundary  (see  e.g.,  Refs. 12, 25,  26) that shows 
qu i t e  c l ea r ly  the  inc reased  th i ckness  r equ i r emen t s  i n  the  low 
Mach number range. The present  resu l t s  provide  severa l  ins ights  
i n t o  t h i s  f a m i l i a r  phenomenon. F i r s t  of a l l ,  t h e y  show the 
s h a r p  t r a n s i t i o n  from f l u t t e r  of t h e  traveling-wave type to 
f l u t t e r  of the  standing-wave  type. The t r a n s i t i o n  Mach number 
depends strongly on the  length- to-width  ra t io  and the  l eve l  of 
s t r u c t u r a l  damping. As the  length- to-width  ra t io  i s  increased, 
t h e  c r i t i c a l  f l u t t e r  boundary coincides wi th  the simple traveling- 
wave theory t o  somewhat higher  Mach number. However, the  presence 
of any small amount of damping even tua l ly  causes  the  f lu t t e r  
boundary t o  make t h e  t r a n s i t i o n  from the traveling-wave branch 
t o  the  standing-wave  branch. (Compare w i t h  Fig.  4, Ref. 2 6 )  The 
rapid  increase  in   thickness   requirements   with s poin ts  t o  the 
f a c t  t h a t  long narrow panels should be avoided in  design s i tua-  
t i o n s  if a t  a l l  poss ib i l e .  
One of the panels  on the S-IVB forward skir t  has  a length- 
to -wid th  r a t io  of 4.48 and  a th icknese- to-width   ra t io  of 0.0048. 
F l u t t e r  was d e t e c t e d  i n  f l i g h t  ( R e f .  27 ) .  From the  durve f o r  
s = 4.48 i n  F i g .  15 , we p r e d i c t  t h a t  f l u t t e r  s h o u l d  s e t  i n  just 
above 30,000 f t and subside a t  45,000 f t  . The theory   ind ica tes  
t h a t   t h e   f l u t t e r  i s  of the  traveling-wave  type w i k h  7 o r  8 
ha l f  waves i n  t h e  mode shape. Also, f lu t t e r  occu r s  in  the  r eg ion  
of maximum dynamic pressure . 
Some remarks on t h e  f a t i g u e  l i f e  of the  pane l  a re  in  order .  
The vehicle  t raverses  the 15,000 f t  region of p a n e l  f l u t t e r  
a t  an average veloci ty  of about 1500 f t / sec  s o  tha t  t he  ac tua l  
time  of f l u t t e r  i s ,  a t  most, 10 sec . The f l u t t e r  f r e q u e n c y  i s  
approximately  450  cps . Thus,  the  panel  undergoes  approximately 
4500 cyc les  of s t r e s s  r e v e r s a l .  The stress l e v e l  c a l c u l a t e d  i n  
the  second of the two examples in  Sec t ion  IV-B was 31,900 psi  . 
The f a t i g u e  l i f e  a t  t h i s  l e v e l i s  100,000 cyc les  so t h a t  f l u t t e r  
would not  be des t ruc t ive .  We n o t e ,  i n  f a c t ,  that a s t r e s s  l e v e l  
of 45,000 p s i  i s  to l e rab le  wi thou t  f a i lu re  wi th .  only 5000 cycles  
(Ref.  24). The r e l a t ive ly  sho r t  du ra t ion  of f l u t t e r  i n  a 
I 
Saturn V f l i g h t  po in ts  t o  t h e  need for a reasonable estimate 
of t h e  s t r e s s  l e v e l  so t h a t  f a t i g u e  may be used a s  a c r i t e r i o n  
for design. 
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V. SUMMARY OF CONCLUSIONS 
We have presented a gene ra l  t heo ry  fo r  ca l cu la t ing  f lu t t e r  
boundaries and making stress es t ima tes  fo r  an  in f in i t e  spanwise  
a r r a y  of panels.  The pr incipal  conclusions of  the s tudy  a re :  
1. Calcula t ions  of  f lu t te r  po in ts  and  mode shapes with the 
exact Zeydel method are i n  complete agreement wi th  r e s u l t s  ob- 
ta ined with the Galerkin method when t h e  l a t te r  are converged. 
2. The Zeydel method y i e lds  a f l u t t e r  boundary f o r  a l l  
length- to-width  ra t ios ,  bu t  i s  p a r t i c u l a r l y  s u i t e d  t o  l o w - a s p e c t  
r a t i o  p a n e l s  where modal a n a l y s e s  a r e  d i f f i c u l t ,  i f  not  i m -  
poss ib le ,  to  apply .  
3 .  For f ixed panel  width, the thickness  required to  present  
f l u t t e r  i n c r e a s e s  wi th  length- to-width  ra t io ,  s, and approaches 
a l imi t ing  va lue  as s 4 m. 
4. The f l u t t e r  t h i c k n e s s  i s  l a r g e s t  a t  low a l t i t u d e s .  
5. Two d i s t i n c t  f l u t t e r  b r a n c h e s  a r e  p r e d i c t e d  by t h e  
exact  theory.  The f i r s t  branch  occurs a t  low reduced  frequency 
(order  of  a  few t e n t h s )  and agrees with r e su l t s  based  on t h e  
simple  static  aerodynamic  theory.  We c a l l  it the  s tanding-  
wave branch. The other branch i s  obtained at  higher  reduced 
frequency (order  uni ty)  and tends asymptot ical ly  to  resul ts  
based on traveling-wave theory as s + 03, providing g = 0. We 
c a l l  it the traveling-wave branch. 
6. A t  low Mach number, the  tra,veling-wave  branch i s  t h e  
c r i t i c a l  f l u t t e r  b r a n c h  and gives  the well-known dome-shaped 
f l u t t e r  boundary i n  t h e  low supersonic regime. A t  higher Mach 
number and f i n i t e  s, the standing-wave branch i s  c r i t i c a l .  
7. The Mach number f o r  t r a n s i t i o n  from  traveling-wave 
f l u t t e r  t o  standing-wave f l u t t e r  i s  v e r y  s e n s i t i v e  t o  s t r u c t u r a l  
damping  and the  length- to-width  ra t io .  The dome-shaped f l u t t e r  
boundary extends to  h ighe r  Mach number when s i s  l a rge .  
8. Small va lues  o f  s t ruc tu ra l  damping a r e  h i g h l y  s t a b i l i z -  
i ng  and  e s sen t i a l ly  e l imina te  the t ravel ing-wave f lut ter  branch 
a t  higher  Mach number. 
9 .  The f l u t t e r  t h i c k n e s s  for a n  a r r a y  of panels  i s  smaller  
than that  f o r , a  s i n g l e  p a n e l  when the Mach number i s  moderately 
low and s i s  l a r g e .  
10. Two example s t r e s s   c a l c u l a t i o n s   a r e   g i v e n .  The maximum 
s t ress  occurs  near  the  t r a i l i n g  edge and c l o s e  t o  the p o i n t  of 
maxinum de f l ec t ion .  
11. Design f lu t t e r  boundar i e s  for aluminum panels  on a 
typ ica l  Sa tu rn  V ope ra t iona l  t r a j ec to ry  a re  g iven .  F lu t t e r  i s  
p r e d i c t e d  i n  t h e  r e g i o n  of maximum dynamic pressure  for a panel  
on the forward sk i r t  of  the  S-IVB s t a g e  i n  agreement wi th  f l i g h t  
da t a .  Fa i lu re  of  these  panels i s  n o t  l i k e l y ' b e c a u s e  of t h e  
r e l a t i v e l y  low number o f  s t r e s s  r e v e r s a l s  i n  f l y i n g  t h r o u g h  t h e  
c r i t i c a l  f l u t t e r  r e g i o n .  
APPENDIX A 
Mode Shape f o r  a P a r t i a l l y  Clamped. Beam 
Here we consider the problem of calculat ing the.  e igenvalues ,  
mode shapes a n d  c e r t a i n  i n t e g r a l s  of the mode shapes of a 
p a r t i a l l y  clamped beam. The problem i s  s ta ted  mathemst ica l ly  as 
follows : 
where E E vary  between  zero and one  and give 
degree of end f i x i t y .  
P '  c 
The genera l  so lu t ion  of the beam equat ion can 
i n  the form 
g(y)  = A s i n  (By - 4)  + Be -BY + ce-B(l-Y) 
Now apply  the  boundary  conditions g ( 0 )  = g(1 )  = 0 
8, pair of equat ions for B and C : 
( A  1) 
t h e  r e l a t i v e  
be expressed 
( A 4  
. We obta in  
To c a l c u l a t e  B and C we neglect   erms of order e -2B compared 
t o  u n i t y .  This is j u s t i f i e d  on the  grounds that the  smal les t  
eigenvalue of a pinned-pinned beam i s  K and of a clamped-clamped 
beam i s  4.73. Thus 
e -2p < .002 pinned-pinned 
< .0001 clamped-clamped 
For arb i t ra ry   va lues   o f  E and eC we expec t   the   r ror ,   there-  
f o r e ,  t o  be correspondingly small. This approximation i s  used 
throughout the subsequent discussion. 
P 
With, the foregoing remark we c a l c u l a t e  t h e  s o l u t i o n  of (A.  3) 
r 
B = A I s i n  Q + e - @  s i n  (p  - 
c = - A [e-p s i n  @ + s i n  (p - 
L 4 
and wri t e  t he  gene ra l  so lu t ion  in  the  form 
It remains t o  determine  the  phase  factor cp a n d  the   e igenvalues  
B .  
Applicat ion of the remaining boundary conditions yields the 
fol lowing pair of equa t ions   fo r  @ and p : 
- ( 2 ~  p + E ) s i n  B + s i n  p - 2cce -B  
P C 
Since  cos @ and s i n  cp cannot  be  zero  simultaneously,  the 
determinant of t he  coe f f i c i en t  ma t r ix  must vanish.  Thus, we 
ob ta in  the  cha rac t e r i s t i c  equa t ion  for the eigenvalues,  
+ 2~ a) cos p - + E p) s i n  B = 2eC e -B ( A . 8 )  
P P 
m e  phase  factor  cp i s  ca l cu la t ed  from e i t h e r  of the  equat ions 
i n  (A.  7) . Thus we have 
f 
p 
The mode shape corresponding t o  each eigenvalue i s  given by ( A . 6 )  
with an appropriate  choice of the  normal iza t ion  fac tor  A . 
Two familiar spec ia l  ca ses  a re  the  fo l lowing :  
Pinned Edges 
For this  case we have eC = 0 and E = 1 . Thus we ob ta in  
P 
from ( A . 8 )  and ( A . 9 )  
t a n @ = O  - $ = O  
g(y) = A s i n  iiny 
Clamped Edges 
- 
n = 1,2, .  . . 
( A .  10) 
For this  case we have cC = 1 and E = 0 . Thus we have 
P 
cos p = 2e-p t a n  6 = 1 - 2e-@ s i n  p ( A .  11) 
The s o l u t i o n  for p and $I i s  
2ii+l - "  
= f - 2(- l l n  e 2 - n = 1,2,... (A. 12 )  
and f o r  the mode shape we use ( A . 6 ) .  
I n t e g r a l s  
It is next  of i n t e r e s t  t o  cons ider  the  fo l lowing  in tegra ls  
of the mode shape 
1 
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We define Co t o  be  minus un i ty .  This normalizes g(y) a n d  
f ixes   the   cons tan t  A i n  ( A . 6 ) .  Upon i n t e g r a t i o n  we f i n d  
Next cons ide r  t he  in t eg ra l  
(A .  14) 
Now the mode shapes are either symmetric or antisymmetric about 
the  center y = 1/2 . Thus 
symmetric 
antisymmetric 
In ( A . 1 5 ) ,  we l e t  y = 1 - t so t h a t  
1 
= - c1 
We conclude that C1 = 0 f o r  a l l  modes. 
(A .16) 
(A. 17) 
The i n t e g r a l  C 2  has the  following  form 
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where A i s  given by (A.14). For pinned  and  clamped  edges we 
have 
c2 = (ET) pinned 
The i n t e g r a l  C i s  zero by the same argument  leading t o  3 
C1 . For C 4  we u s e  t he   d i f f e ren t i a l   equa t ion  t o  g e t  
4 
i=-  B- 
n 
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( A .  20)  
APPENDIX B 
Numerical  Algorithm for Fn(x) 
Here  we  give a procedwe for  evaluating  each of the 
characteristic  functions  numerically.  We  have 
-+ D (P,) = 0 J n = 1,2,3,4,5 
B-(pn) = 0 J n = 6,7,8,9,10 
To evaluate  Fn(x)  we use an approximation  of the Bessel 
function  given by Luke (Ref 2 8 )  for small  argument and the 
asymptotic  expansion for large  argument. Thue 
7% 
Jo(t) = I ~ C O S  Art + 25 (t) 9 4s t < a  
r=l 
'r = cos (.- *) 
=&os (t - $) t > a  (B.4) 
where a ii the  crossover  point.  The  error  term  in  Luke's 
decreases   rap id ly  with increas ing  q f o r   f i x e d  t . For 
example, i f  q = 10 , the approximation i s  accura t e  to  fou r  
dec imal  p laces  for  t - < 24 Since the asymptotic expansion i s  
good t o  four decimal  places  for  t 2 24 we have a uniform 
approximation of Jo( t )  for a l l  t Also the  approximation i s  
most convenient  for  subsequent  integrat ions that must be per- 
f orme d . 
Because of t he   sp l i t   r ange  of the  Jo approximation,  there 
a r e  t w o  cases  t o  cons ider  in  the  eva lua t ion  of Fn(x) ; i . e  ., 
x < a/r and x > a/r : 
Small Argument ( x  < a / r )  
I 
~ 
For x < a / r  we s u b s t i t u t e  the approximation of Luke i n t o  
(A.2) t o  o b t a i n  
where 
By s t ra ightforward 
I ( a , x >  
I (  a,x) =[e- at cos t d t  
0 
evaluation, we ge t  
1 - ( a -  i ) x  + 1  - e -= cos x - 
a + i 6  
a l a  - 11 E 
1 
77 
li 
The second two foTmulac are needed when a r o o t  i s  nea r  t he  l i ne  
jo in ing  the two branch points .  
Large Argument (x > a/rl 
For x >,a/r the problem i s  s l i g h t l y  more complicated.  
The p l an  i s  t o   e v a l u a t e  G n ( x )  f o r  Re  p, > 0 and exterrd the 
r e s u l t  t o  the l e f t  half plane by analyt ic  cont inuat ion.  We write 
0 
1 
= h-z(pn) - Gn(x) - 
and so 
Fn = 2Ane + Fn ( s ) PnX n = 1,2,3,4,5 
where 
Fn(s) = Bne G,(x) 
PnX - 
X 
To evaluate  Gn(x) w e  subst i tute   the  asymptot ic   approximation 
f o r  Jo i n t o  (B.9) .  We ge t  
- 
m 
(Pn + ‘m) 
a =  r (B . l o )  
This  i n t e g r a l  is eas i ly  eva lua ted  in  terms of the complementary 
e r ror   func t ion .  The f i n a l  r e s u l t  i s  
where 
(B.ll) 
(B.12) 
The r e s u l t  ( B . l l )  i s  an analyt ic  funct ion of pn , except at the 
two branch points,  and i s  a va l id  representation of G,(x) i n  
the right half plane R e  pn > 0 . By analytic continuation we 
conclude that ( B . l l )  i s  v a l i d  for all p, i n  the  complex plane. 
4 
To evaluate erfc z f o r  complex argument, the following 
formulae are useful (Ref .29) 
e r fc  z = 1. - er f  z 
r )  
e r r  ( x  + i y )  = erf x + e-xc[(. - cos a y )  + i s i n  2xy 1 
where 
fn (x ,y )  = 2x - 2x cosh ny cos 2xy + n sinh ny sin 2 xy 
gn(x3y) = 2x cosh ny s i n  2xy f n sinh ny cos 2xy 
e r f c  z 
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(B.14) 
(B.15) 
In conclusion we g ive  the following formulae for An and 
Bn that a r e  eas i ly  derived  from their basic def in i t i ons :  
4 (Pn) 
Bn = " An 
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( B .16) 
(33.17) 
APPENDIX C 
Discussion and Use of Dimensionless Parameters 
The dimensionless  parameters  that  enter  into the calcu-  
l a t i o n  of f l u t t e r  b o u n d a r i e s  and s t r e s s  e s t i m a t e s  a r e  summarized 
below toge ther  with a d iscuss ion  on how t o  calculate  dimensional  
q u a n t i t i e s .  
Specify whether leading and t ra i l ing  edges  a re  p inned  or  
clamped. 
n =  
- 
EP, E C  - - 
y v =  
Ke b4 
s 2 y y 4 y  - 
DXO 
- 
- =  
DXO 
number of ha l f  waves in  the  spanwise  mode shape 
( s e e  Appendix A )  
d e g r e e  o f  s t r i n g e r  r e s t r a i n t  ( s e e  Appendix A )  cP, cC 
vary  between  zero and uni ty .  For  pinned s t r ingers ,  
cP = 1, cC = 0 and f o r  clamped s t r i n g e r s ,  cP = 0, 
Poisson   ra t ios   (or thot ropic   ons tan ts )  
r a t i o s  of o r t h o t r o p i c  e l a s t i c  moduli to modulus i n  
the chordwise direct ion (see Eq. (1 .5))  
s t i f f n e s s  of e las t ic  foundation ( [Ke]* = lb/ft2/ft)  
E c = l .  
v iscous damping constant  ( [y ]  = l b  sec / f t  3 ) 
appl ied membrane stresses 
nonl inear  membrane s t r e s s e s  
a l l  of the  membrane s t r e s s  c o e f f i c i e n t s  vary as the 
inverse  cube of panel thickness for f ixed in-plane loads 
( s e e  Eq- (117) )
M = Mach number 
g = s t r u c t u r a l  damping c o e f f i c i e n t  
k = reduced frequency (cub/U) 
s = length-to-width ratio 
* For [Ke] , read "dimensions of $If  
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T = thickness- to-width rat io  
R, So = parameters tha t  depend on panel material, altitude, 
Dlach number,  and th ickness  
s s = chordwise  and  spanwise  dimensionless  tresses x' Y 
It i s  convenient to int roduce three other  parameters  that  
are r e l a t e d  to R and So, namely, 
where - 1/2 
as - [@l - v;) 1 - EX 
i s  the speed of long i tud ina l  waves (sound) in  the chordwise 
d i r ec t ion  in  the  pane l  ma te r i a l .  The r e l a t i o n s h i p  between 
1-1 , b , q , R , and So i s  given by the  following  formulae: 
C L = L s )  
R 
The dependence of each parameter on the bas ic  phys ica l  
p r o p e r t i e s  ( m a t e r i a l ,  a l t i t u d e ,  Mach number,  and th i ckness )  
i s  given i n  Table C-1.  
Table C-1. Easic   Flut ter   Parameters  
Dimensionless 
Parameter 
Mater ia l  
PSI as 
-2 
-1, -2 
2/3, -2/3 
13s s 
ps s 
hi 
p,a;l 
To obta in  an  expl ic i t  formula  for any dimensionless parameter, 
multiply out the dimensional parameters in the corresponding 
row. 
An important point i s  t h a t  any two of  the f ive parameters  
i n  Table C - 1  may be  used i n   p l a c e  of' R and S . A very 
use fu l   pa i r   cons i s t s  of the mass ratio parameter p and the 
mater ia l   a l t i tude   parameter  q . The advantage of this 
combination i s  that  nei ther  parameter  depends on t h e  Nach 
number. Thus we can  d i sp lay  the  e f f ec t s  of Mach number change 
on f l u t t e r  boundaries for a g iven  mater ia l  and a l t i t u d e ;  e . g . ,  
versus s p l o t s  for f ixed  q and d i f f e r e n t  M . Conversd-x, 
we can  change q a t  f i x e d  Mach number  and ca l cu la t e  t he  e f f ec t  
of a  change i n   m a t e r i a l  or a l t i t u d e .  The p,q p a i r  i s  used 
exc lus ive ly  in  the  present  repor t .  
The basic  physical  propert ies  of various panel  mater ia ls  
a re   g iven   in   Table  C-2a; the  var ia t ion  of  q with a l t i t u d e  
f o r  t h e s e  m a t e r i a l s  i s  given in  Table  C-2b. These da ta  a re  
needed t o  calculate  dimensional  quant i t ies .  
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Table C-2a. Material  Properties at  Sea Level 
I Material  Specific Sound  pee
1 Aluminum 2.7 16,740 2200 147 .O 
Soft Stee l  7.0 16,410 
11 
5700 388.5 
1470 106.2 15,100 . 1.8 3 Magnesium 
8.5 16,320 478.0 6930 1 8.0 10,000 730.0 I 6515 
I 
70 I Ps/P, I Gravity 0 
! 
Table C-2b. Variation of q with Altitude for 
Various Panel r4aterials 
Aluminum Soft Stee l  Coppep Magnesium 1 Nickel I I 
I 
!'Sea Level  730.0 
iil:: 1 478.0 388.5 147.0 I 5,000 833.0 544.0 444: 0 167.8 1 10,000 
1738.0  1136.0  253.1 925.0 350.0 30,000 
1270.0 831.0 185.0 677.0 256.0 20,000 
955.0 139.2 625.0 509.0 192.5 
522.0 1380. o 
4195.0 611.0 1 2741 .O 845.0 ' 2235.0 2590.0 , 1695.0 378.0 I i 
For a given f lut ter   point ,   the   values  of p and 7 
are  known. We now  show  how t o  calculate the panel thickness- 
n to-wLdth r a t i o  T . The f i rs t  s tep i s  to  prepare a graph of 
the   dens i ty   ra t io  pJpwo and q versus  alt i tude for the 
panel material in question. The curves for aluminum panels 
are given in Fig.  C - 1  between sea level and 50,000 ft. For 
given q , find the corresponding altitude and value of 
where pm,/ps i s  obtained from  Table C-2a , and p i s  a 
given f lut ter  point .  
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